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Abstract 

The  problems  of  the  diffraction  of  scalar  waves  by  a  circular  aperture  in  a 
perfectly  soft  and  in  a  perfectly  rigid  infinite  planar  screen  are  treated,  assuming 
axially-syiiunetric  excitation.  New  integral  representations  of  the  solutions  are 
presented  widch,  on  the  shadow  side  of  the  screen,  are  expressed  as  follows: 

♦1,2"  J  I   exp[ikR''(x,y,zjt)]/R'*'(x,y,zjt)  f-^  2^*^^** 

Here,  the  suffixes  1  and  2  refer,   respectively,   to  the  soft  and  rigid-screen 
problems J   k  is  the  wave  number: 

R  (x,y,zjt)    =  /p  +   (z  +  iat)    ,  where  p  =  i/x     +  y  ; 

z  =  0  defines  the  plane  of  the  screen;    'a'   is  the  radius  of  the   aperture,  centered 
at  the  origin;  and  p  =  0  defines  the  axis  of  symmetry.      The   unknown  functions  f, (t) 
and  fpCt)   are,   in  order,   required  to  be  odd  and  even  analytic  functions   of  t, 
regular  in  a  neighborhood  of  the  unit  disc  0  <   \t\  <  1.     These  integral  represen- 
tations are  designed  to  satisfy  automatically  the  time-reduced  wave  equation,  the 
radiation  condition  and  the  boundary  conditions,  and  to  have  the  appropriate  edge 
behavior;  f^(t)  and  fp(t)   need  not  be  known  explicitly.     A  relatively  brief  and 
elementary  calculation  reveals  the  f 's  to  be  solutions  of  Fredholm-type  integral 
eqiiations  of  the  second  kind  whose  kernels  are  small  when  ka  is  sm.all.     The  integral 
equations   guarantee  the  existence  of  the  desired  types  of  f 's  whenever  the  exciting 
fields  are  suitably  regular  fxinctions  of  p  in  a  neighborhood  of  the  aperture,  and, 
moreover,   lead  to  approximate  expressions  for  the  f 's  when  ka  is  small.     These 
approximate  f 's  are  employed  to  calculate  the  aperture  fields,   the  far  fields, 
the  transmission  coefficients  and  the  edge  behaviors.      The  results  thus  obtained 
are  in  complete  agreement  with  known  results  and,  for  some  of  these  quantities,  are 
more  accurate,  in  that  higher  powers  of  ka  are  included.     In  addition,  in  the 
rigid-screen  problem,   for  all  positive  valties  of  ka,  we  determine  the  form  of  the 
edge  behavior  and  give  a  simple  proof  of  the  unique  existence  of   the  solution. 


-  il  - 
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1.   Introduction 

We  are  concerned  vith  the  problems  of  diffraction  by  a  circular  aperture 
in  a  perfectly  soft  and  in  a  perfectly  rigid^  infinite,  planar  screen  .   Our 
attention  is  focused  mainly  on  the  low  frequency  end  of  the  spectrum,  vhere 
the  quantity  a  =  ka  (k  is  the  vave  number,  a  is  the  aperture  radius)  is  small. 
We  treat  in  detail  only  the  case  of  normally- incident,  plane-vave  excitation, 
although  the  method  is  applicable  to  arbitrary  axially-symmetric  excitation 
and  may,  in  fact,  be  extended  to  cover  arbitrary  angularly-dependent  excitation 
New  integral  representations  ^  (f  )  and,^  (f  )  of  the  solutions  of  /P ^    sin^  iP ^ 
are  presented  [f  and  f  are  unknown  fimctions  -  see  equations  (j.l),  (3.2)  and 
(5.1)3.   These  representations  have  the  virtue  of  being  both  simple  and  of  leading 
directly  to  Fredholm  integral  equations  of  the  second  kind  for  f  and  f  .  We  use 
the  fact  that  the  kernels  of  the  Fredholm  equations  are  small  when  a  is  small 
to  calculate  the  first  several  terms  of  the  Neumann  series  of  f  and  f  .   These 
expressions  are,  in  tiom,  employed  to  calculate  approximate  expressions  for  the 
aperture  fields,  the  far  fields,  the  transmission  coefficients  and  the  edge 
behaviors.   The  results  thus  obtained  are  in  complete  agreement  with  known  results 
obtained  by  other  means  -  such  as  have  been  stimmarized,  for  example, by  C.J.  Bouwkamp 
in  his  excellent  review  article  "--J.  Moreover,  by  including  higher  powers  of  a, 
we  extend  the  accuracy  of  some  of  the  results  quoted  by  Bouwkamp.   In  addition, 
in  P^   we  give,  for  all  values  of  a  >  0,  the  form  of  the  edge  behavior  and.  a 
simple  proof  of  the  imique    existence  of  the  solution. 


^   The  soft-screen  problem,  or  first  boundary- value  problem,  will  hereafter 

be  referred  to  as  P^   and  the  rigid-screen  problem,  or  second  boundary- value 
problem,  q.s  P   . 

'*  This  generalization  will  be  treated  in  a  forthcoming  paper  by  J.  Bazer  and 
H.  Hochstadt. 

Establishing  the  uniqueness  for  both  r^  and  rL  is  a  relatively  trivial 
matter  (cf.  pp.  I9-20) . 


The  Integral  representations  mentioned  above  form  the  core  of  our  paper. 
They  are  the  natural  generalizations  of  similar  well-knovn  solutions  of  the 
potential-theoretic  analogs  of  o  ^  and  P  such  as  may  be  found  in  the  report  ^  J 
by  S.  N.  Karp  (our  original  source)  and  in  the  book  I-  J   by  Green  and  Zerna . 
Several  authors_,  among  whom  are  W.  Magnus^  -^ ,    N.  Chako  ■'■-',  D.  S.  Jones  ^ -' 
N.I.Akhiezer  ad.  A.U.Akhiezer'-'J^  B.  Noble  L -I  *  and  R.C.  MacCamy  and  A.E.  He  ins  l"-! 
have  succeeded  in  reducing  aperture  and  disc  problems  to  solving  Fredholm 
integral  ecLuations  of  the  second  kind  with  kernels  that  are  small  vhen  a  is 
small   .   Our  integral  equations  are  most  closely  related  to  one  first  obtained 
by  D.S.  Jones'--'    .  Although  the  general  form  of  our  inhomogene ous  term  is 
simpler,  the  kernels  have  fundamentally  the  seme  form.   Owing  mainly  to  the 
simple  form  of  the  initial  integral  representations,  our  derivations  of  the 
Fredholm  equations  are  shorter  and  more  elementary  than  any  by  the  authors 
mentioned  above.   In  each  of  our  representations,  the  field  is  related  to  the 
solution  of  the  associated  Fredholm  equation  by  means  of  a  single  integral, 
and  the  derivation  of  the  Fredholm  equation  involves  only  the  inversion  of  a 
single  convolution  of  the  solution.   In  the  vork  of  Jones,  and  of  MacCamy  and 
Heins     ,  for  example,  double  integrals  replace  the  single  integrals,  and 

*     We  are  indebted  to  B.  Noble  for  bringing  references  [3]  and  [9]  to  our 
attention. 

**     Using  the  so-called  dual  integral- equation  approach,  B.  Noble  finds  it 
possible  to  treat  both  slit  and  aperture  problems  simultaneously. 

***     We  refer  the  reader  to  C.J.  Boufwkamp's  review  L  -'  for  a  discussion  of 
other  methods. 

****  In  reference  [6 J ,  Jones  treats  the  rigid  disc  problem  which,  by  virtue 
of  Babinet's  principle,  is  equivalent  to  oiu'  /^. 

*•)<-*■)(-*  5516  approach  of  these  authors  also  leads  to  a  Jones— type  integral 
equation. 


successive  convolutions  replace  the  single  convolutions  .   In  addition,  we 
can  verify,  almost  at  a  glance,  that  the  total  fields  satisfy  the  boundary 
conditions,  as  veil  as  the  vave  equations  and  the  radiation  condition;  it  is 
not  necessary  to  revert  to  more  primitive  representations  as  in  some  of  the 
above  approaches.  Furthermore,  the  general  form  of  the  fields  near  the  edge 
can  be  ascertained  by  a  simple  calculation. 

It  is  true  that  our  approach  depends  essentially  on  an  ansatz,  vhereas 
the  several  approaches  mentioned  above  employ  possibly  more  familiar  points 
of  departure.   It  is  our  belief  that  the  transparent  nature  of  the  represen- 
tations and  the  elementary  character  of  the  subsequent  analysis  more  than 
make  up  for  this  seeming  defect.  Moreover,  preliminary  calculations  reveal 
that  the  scope  of  the  method  is  by  no  means  limited  to  scalar  or  to  three- 
dimensional  aperture  problems.   The  same  is  undoubtedly  tivie  of  the  other 
approaches;  however,  the  simplicity  of  the  present  method  may  well  bring 
within  reach  orders  of  approximation  that,  for  all  practical  purposes,  are 
inaccessible  to  more  cumberscane  methods. 


It  is  for  this  reason  that  the  general  form  of  the  inhomogeneous  terms  of  our 
Fredholm  equations  is  simpler  than  Jones ' . 


2.   Formulation  of  the  Problems  P    a^d  P^. 

Let  (^  be  a  circular  aperture  of  radius  a  in  a  rigid  screen  ^  and  let 
6i  +   ^    coincide  vith  the  (x,y) -plane,  the  origin  being  located  at  the  center 
of  ^   (see  Figure  l). 


a 

d  '   z=o,  p<  a 

a 

z 

FIGURE  1. 

A  cross -sectloneLL  viev  of  the  diffracting  screen, 

x/  is  the  screen,  ^  is  the  aperture^ of  radius  a, 

centered  at  the  origin  of  coordinates.  ^+  ^    is 
the  (x,y) -plane. 


5. 
Then,  the  solution  il  of  the  first  boundary- value  problem  (l      may  be 

expressed  as  follows  [cf.  reference  [l] ,  p. 58]  : 

u°(p,z)  -  u°(p,-z)  +  *^(p,-z)  ,  z  s  0  , 
<t)  (p,  z)  ,  z  ^  0  . 


(2.1)   u^(p,z)   =  , 


Here,    p  is   defined  by 


(2.2)  p  =  /x^   +  y^      ; 

u°(p, z)   denotes  the  axially-symmetric  exciting  wave   incident  from  the   left 
(in  the  region  z  <  O);    <t>    (p,z)    is   defined  in  the  half-space   z    §  0,    and  has  the 
following  properties : 

2 
(i)    it>^    is   a  solution  of  the  wave  equation    A^   +  k  it>      =0, 

when  z  >  Oj 
(ii)    *^   =  0  on;J; 
(iii)    *     satisfies   the  Sommerfeld  radiation   condition  at   infinity; 

Bo    au°       ^ 

(v)   4>^  is  everywhere  finite  ; 

(vi)  V(ti  is  quadratically  integrable  over  any  domain  in  3-spacfi, 
including  domains  having  some  or  all  of  the  points  of  the 
circular  edge  as  boundary  points. 


(2.5) 


*  In  view  of  the  assumed  axial  symmetry  of  the  incident  excitation,  all  field 

pk       2 

quantities  may  be  assumed  to  depend  on  p  =  yx  +  y  and  z  alone. 


6. 

The   corresponding  solution  u     of  the  second  boixndaiy-value  problem  u 
may  be   expressed  as  follows: 


(2. if)      u^Cp^z) 


^(p,z)    +  u°(p,-s)    -   <))    (p,-z)    ,    z    g  0   , 


-fgCp^z)    ,  z    g  0   . 


Here^    'l'p(p^z)   is  defined  for  z    §  0  and  possesses   all  the  properties  listed 
above  except   (ii)    and  (iv),   vhlch  miist  be  replaced  by 


(2.5) 


(ii)     ^     =     0  on/; 


(iv)'       *2     =     u°  In  (Z. 


Let  us  write 


-N    o 

(2.6)  u°(p)    =     _     in  (i, 


(2.7)  u°(p)    =     u°        in   ^  . 

It  is  henceforth  assumed  that  u?(p),    j   =1^2,    is  an  even^    analytic  function 
of   p  whose  analytic   continuation  is   regular  at  least   in  a  (closed)    circular 
domain  of  radius   a  +  A,  A    >  0,    centered  at   p  =  0.      It  is  also  assimied  that 
the  Laplace  transform  of  u°(p)^    j   =  1,2,    p  real,    exists      .      In  the  special 
case  of  normally  incident,   plane-wave   excitation 

/•^   o\  o  ikz 

(2.8)  u       =     e  , 


*     For  sufficient   conditions,   we  refer  the  reader  to  reference    [lo] . 
**  Time  dependence  of  the  form  exp(-i(0t)   is  assumed  throughout. 


so 

tliat 

(2. 

.9) 

and 

(2. 

.10) 

u°(p)      =      ik, 

u°(p)      =     1       . 
These  functions   clearly  have  the  required  properties. 

5.        The   Basic  Integral  Representation  for  (t> 

We  require  that   <t>     have   an  integral  representation  of  the   form 

p        ik  R"^(p,z;t) 
(5-1)  \  =     /       ^— f.(t)dt 

or,  equivalently,  of  the  form 

pI     ik  R^(p,z;t)      Ik  R"(p,z;t)  1 

(5.2)    ^  =  /   ^— ; fi(t)dt. 

^    '^    [       R^(p,z;t)         R"(p,z;t)    J   ^ 

Here,  f^(t)  is  required  to  be  an  odd  fimctlon  of  t,    and 

(5.5)     R*(p,z;t)  =  y  p2  +  (z  ±±Ktf     , 

vhere  the  upper  and  lower  signs  on  the  left  correspond,  respectively,  to 
the  upper  and  lover  signs  in  the  right  member.   Since  the  regularity  of 
u  (p)  in  the  (closed)  region  defined  by  0  g  |p|  i  a  +  A  (see  the  concluding 
paragraphs  of  Section  5-)  ultimately  implies  that  f  (t)  is  regular  in  the 


generality  require  f^(t)  to  be  regular  in  (J  at  the  outset.  The  branches 


circular  region  \^    defined  by  0  ^  |t|  g  1  +  A/a^  we  may,  without  loss  of 


of  the  square   roots   in   (3.5)    are  fixed  by  requiring  that 

+  /  2        2  2  2  2  2 

(5.4)  lim     R~   (p,  zjt)    =  +  yp  -   at  when   p    >  a  t      . 

zio 

This   specification  immediately  implies   that 


2.2 


+  /  2  2     2  2  2' 

(3.5)  lim     R~   (p,  z;t)    =  ±  i  /a  t   -p  vhen   p    <   a  t' 

At  points  in  the  aperture^  the  only  points  in  physical  space  vhere 
the  integrands  of  equations  (j-l)  aJid  (3'2)  may  be  singular^  <t>     and  its 
first  and  higher  order  derivatives  ma;^  be  defined  as  the  limits  approached 
by  <J>  in  z  >  0  as  z  approaches  zero.   The  actual  limits  can  be  derived 
using  the  regularity  properties  of  f, (t)  in  6.   and   function-theoretic 
arguments  such  as  aj?e  found  in  reference  [ll]  .   An  illustration  of  the  kind 
of  argument  required  is  given  in  Appendix  I,  where  the  form  of  the  edge 
behavior  is  determined.  Apairt  from  this  material^  we  shall  not  justify  the 
several  limiting  processes  used  in  the  subsequent  analysis.   It  is  enough 
to  say  that  the  limits  agree  with  those  arrived  at  on  the  basis  of  purely 
fonaal  considerations.   Finally,  from  equation  (5.I),  ws  see  that  4>,  may  be 
described  as  the  field  resulting  from  a  superposition  of  charges  along  the 
line  segment  (-ia, ia),  situated  on  the  imaginary  z-axis. 

Although  the  explicit  form  of  f(t)  is  as  yet  unknown,  we  can,  neverthe- 
less, verify  that  *  satisfies  all  the  conditions  listed  in  (2.2)  except  (iv). 
the  aperture  condition.   That  <t>  satisfies  property  (i)  follows  directly 
from  the  fact  that  the  functions  exp  [ik  R~(p,z;t)J/  R~(p,  z;t)   satisfy  the 


vave  equation  in  the  region  z  >  0.   To  verify  that  <t>  vanishes  on  the 
screen  (property  (ii)),  ve  need  only  let  z  approach  zero  in  equation  (5-2) 
and  make  use  of  the  specified  behavior  of  the  square  roots  [see  equation  (5«^)] 
To  verify  property  (iil),  we  first  introduce  the  polar  coordinates 

z  =  R  cos  9  , 

(5.6)  p  =  R  sin  e  ,      0  ^  e  S  rt/2  , 

2   2    2 
R  =  p  +  z   , 

and  then  note  that  the  behavior  of   R~(p, z;t)  for  large  R  is: 

(5.7)  R~(p.z;t)  =  R±iat  cos  e  +0(^)  . 

K 

From  this  relation,  it  follows  Immediately  that  the  Soinmerfeld  radiation  con- 
dition is  satisfied  -  specifically,  that 

fa*] 

lim   <  R  (  ^  -  ik  *^)  >  =  0  ,   0  ^  e  S  rt/2  . 
R-00   [  J 

Since  exp[ikR  ~(p,z;t)J/R  ~(p,  z;t)   and  its  derivatives  vlth  respect  to 
p  and  z  are  continuous  fionctions  of  t  in  the  half-space  z  >  0,  ve  conclude 
that  *,  and  V4>  are  finite  in  this  region  (see  properties  (v)  and  (vl)). 
To  determine  the  behavior  of  <t)  and  V<t>  near  the  edge,  it  is  clearly  suffi- 
cient, in  vlev  of  the  axial  symmetry,  to  fix  on  a  given  cross  section. 
Let  T_  be  a  torus  whose  axis  of  symmetry  is  the  z-axis  and  whose  equation 
in  the  cross  section  determined  by  the  z-axis  and  the  point  (p, z)  is 
(see  Figure  2) 


10. 


(z,/)) 


FIGUPE  2 
A  croBS-sectional  vie-w  of  the  diffracting  screen. 
The  angle  7  is  measured  from  the  screen  clockwise 
to  the  ray  joining  the  edge  of  the  screen  to  the 
point  (z,p);  5  is  the  distance  from  the  edge  to 
the  point  (z,p). 


(3.8) 


+  S  cos  7 


0  S  7  S  It 


Here,  5  is  the  radius  of  the  generating  circle  of  Tg  and  7  is  the  aagle 
measured  clockwise  from  the  screen  to  the  ray  passing  through  the  edge 
and  the  point  (  p,  z ) • 


n. 


Let  us  vrlte 
(5'9)     *-,(5,7)  =  *.,(a  +  5  cos  y,    5  sin  7). 

* 
Tlien,  it  is  shown  in  Appendix  I  that 

-if  (1)272        1 

(5.10)    ♦^(5,7)  = (&/a)2  sin  (7/2)  +  0(6/a)  , 

a 

and 

y  a*  (5,^)       -iy2  f  (1)  r      1-, 

(5.n)    (5/a)2  -i =  ^^^—  sin  (7/2)  +0[(5/a)^J  , 

as  a" 

1   1  a$(5,7)     -1/2  f,(l)  ^r     1-, 

(3.12)  (6/a)2  \    -1 =  ^A_  cos  (7/2)  +  OL(6/a)2j  . 

^7  a 

These  equations  and  our  earlier  remarks  shov  that  *  and  V(j.  satisfy  the 
conditions  (v)  and  (vi). 

Note  that  4>  andV<t>  in  the  neighborhood  of  the  edge  have  the  same 
form  as  the  corresponding  field  quantities  in  the  neighborhood  of  a 
perfectly  soft  half -plane. 

Letting  z  approach  zero  in  equation  (5"2)  and  using  equations  (3.4)  and 
(3.5),  we  find  that  the  aperture  field  reduces  to 

P   p    cosh  [a/t  -(p/a)  J 

(3.13)  \{p,0)   =  -^  j    -       fi(t)dt  . 

p/a    /t^  -  (p/a)^ 


For  sufficiently  small  values  of  a,  f^(l)  =  ia  a^/2,  where  a^  is 
power  series  in  a, the  first  several  terms  of  which  are  given  in 
equation  (4.27). 
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Moreover^  setting 


(3.1^)         Aj_(e)  =  -2  /  slnh  (at  cos  e)  f^(t)c 


t-.    can  be  expressed  as   follows   (cf.   reference    [l] ,   p. 71)  *. 

ik  "R 
(5-15)  *i^A^(e)    ^-^—    , 


:/2 


(5.16)  \=   \    [      K(e)l 

a      '-' 


2 

sin  8   de    . 


o 

Approximate  expressions  for  these   quantities   associated  vlth  normally- 
incident  plane-wave  excitation  are  given  in  Sections  k  and  5* 


k.        Derivation  of  the   Integrail  Equation  for  f,(t) 

The  unknown  function  f-,(t)  may  be  determined  by  enforcing  the  aperture 
condition  {2.^)-{±y),  which^  by  virtue  of  equation  (2.10),  may  be  expressed 
as  follows: 

a*   (p,z)  Su°(p,0) 

(4.1)  lim     — i =     =     u°(p)      ,      OSp<l. 

Z4.0  Sz  Bz 

We  begin  by  calculating  the  limiting  value  of  S*  /Sz.  Assuming  that  z  >  0, 
we  differentiate  both  sides  of  equation  (5-2)  ,      make  use  of  the  identity 

(k   P^         aM[R-(p,zjt)J  ^     r         -| 

{k.2)  _L ^  ^^  ^  ^^^)  \    ^^     ^   |.P-(p,2;t)J  , 
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[m(v)   Is  any  analytic  function  of  w]    and  o"btain  the  follovlng  relation 


b<t>  ^       /^  (z   +  iat)exp[ik  R'''(p,z;t)] 


(^•5)       ^=p    ^ 


r 


f^(t)dt 


R   (p,z;t) 


p    (z   -   iat)exp[ik  R"(p,z;t)J 


R"(p,z;t; 


If  w;  now  let   z  approach  zero  and  make  use   of  the  limiting  behavior  of  R  (p,zjt) 
when  0  <   p    §    at     and  ats     pg     a,Ostsl,    [see  equations   (5-^)    and  (5-5)j. 
we  find  that  for  all   p,    0  <  p  <  a  , 


ih.k)   lim 


a*^(p,z)' 


J    ^        i''^Jexp[ia/(p/a)^-t  J        exp[ia /(p/a)    -t  _ 
P  Sp    J 


►  tf^(t)dt 


>  tf^(t)dt 


1^'^  cos(a  /(p/a)   -t  ) 

£iJ-     /         -— — — — tf^(t)dt 

P    ^P    J  /,    /    v2  ^2  ^ 

o  v/Cp/a)   -t 


.       ^         p/^sin(ay(p/a)2-t2) 

-    ^     /         tf  (t)dt 

P     Sp    J  f7~]~2~2  ^ 

o  \/(p/a)    -t 


.        p        sinhCav/t  -(p/a)    ) 

j     — ;:z==:: —  tf^(t)dt. 


p  hp 


Va  v/t^-(p/a)^ 


continuation  of 


/           P     P     /  /           o  p       p                  p 
Since   sin(av'(p/a)    -t    )/ v' (p/a-)^-t   ,    t     S   (p/a)    ,    is  the 

/              o       o      /    /              p       p  p            p 

sinh  (ayCp/a)    -t    )/  J{p/a.)   -t   ,  (p/a)     <  t   ,   we   conclude  that  for  all  pj 

0  <   p  <  a, 

|^^(p.z)l      p.     P^        r'^  cos(av'(p/a)^-t    ) 

(i^.5)lim-4 =  — ^  Z=I= tf^(t)dt 

dz  p    op     ;  / 7^ — o  1 

zio'-                  -■        ^       ^    J  /,     /    ^2     2 

"^                                               o  v/(p/a)    -t 


;.        P      sinh(ayt  -(p/a)'  ) 
^^  tf,(t)dt    , 

o  yt  -(p/a) 


where  it  must  be  understood  that 

(4.6)       yt^-(p/a)^   =  -   i  y(p/a)^-t^     when  t^  <  (p/a)^    . 

If  the  value  at  p  =  0  of  the  right  member  of  equation  (4.5)  is  defined  to  be  the 
limit  approached  as  p  approaches  zero^  then  it  can  be  shown  that  (4.5)  is  valid 
for  all  p  in  the  half-open  interval  0  S  p  <  a. 

Invoking  the  aperture  condition  (4.1)^  we  find  that 


C^.T)  ^  J _   tfjt)dx 

o         /(p/a)  -t 


pu  (p)      >    p        sinh^  yt  -(p/a)  J 

-J^    +i  I-      — z=zzi= tf  t  dt 


.f^:^^' 


0  S  p  <  a  . 
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Integrating  both  sides  from  0  to  p,  we  obtain  the  inte^gral  equation 


.p/^cos  (ay(p/a)2-t2)  P   ^ 

(J..8)        tf(t)dt=i-     ^u°(Od^ 

o      '/(p/a)  -t  o 


p"  sinh  (a/t  -(p/a)") 

I  J  === tf^(t)dt  -  C  , 

o      /t  -(p/a) 


where 


(^.9)   C  =  Y  I   sinh  as  [sf-^^(s)]  ds  . 


(4.10) 
(^.11) 


When  we  introduce  the  new  variables 

2 


I  =  t- 


(p/a)^  . 


nto  both  sides  of  (4.8),  this  equation  assumes  the  following  form: 
.T  cos  (a/?vT; 


(i^.l2)    [ 
o 

where 


F(|)d5  =  G(ti)  +  H(ii)  , 


^Tl-I 


(4.13)  F(i)  =  f(yi"  )/2  , 

(4.14)  G(ti)  =J^  P^^  ^u°(C)dC  , 

'-'  o 

(4.15)  H(,)  -j-     r'  ^iHLi-yEpF(^)d^  -  C 
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Using  the  fact  that  the  Laplace   transform  of  a  convolution  of  tvo  functions   is 

the  product  of  the  Laplace  transforms^   vie  may  solve  equation  (^.12)   for  F(0- 

The   final  result   is 

p  ^   cosh  a  vAFTi 
(i+.l6)     P(ti)    =  J  ^   J       K^^)   +  H(^^)]    ^^ 


•r]-[i 


e(r\)    +  Ht])    , 


where  g(Ti)   and  h{y\)   are  defined  by 


(■».17)     Sir,)'li^j 


^'      cosh  (a  v/tJ-T) 


n-E 


«(^>*5^STd-,./ 


,^  cosh  (a  /rj-T) 


^Tl 


yi 


J  ^u°(Od^  jdl    , 


p^      cosh  (a/n^) 
(^.18)      h(,)=i^    j  H(,)d, 


Tl-^ 


h/   ^(^'    ^/ 


cosh  (gy^)   sinh  (a /rPJl)    ^^    L| 

yir^  yi-ii  J 


cosh  a  -Jt^ 


The  expression  for  g(Ti)  may  be  simplified  somewhat,  first  by  integrating 

2 
by  parts  and  then  making  the  change  of  variables  |  =  t]  -  t^  s  . 
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•The  result  is: 

^^  sfr\ 


(^.19)  e{r])   =  /    cosh  (a/^  s)u°[ayTi(l-s^)jds 

2rtl   ^ 
o 

The  expression  for  h(Ti)  may  also  be  simplified  -  by  (l),  making  use  of  the  addi- 
tion formiila  for  hyperbolic  functions,  (2)  introducing  obvious  changes  of 
variables,  (5)  carrying  out  the  differentiation  with  respect  to  t[.       The 
final  result  is: 

inh[a(  Jl  -  /^  )]        sinh[a(  v/F  +  ./^  J 


(1..20)      h(Ti)    =2^   J      F(|) 


d^ 


-   C  cosh  (a  jT\)/-st    . 

Combining  equations   {h.l6)-(k.20),   we  find: 

(i+.2l)      F(7i)    =  /        cosh   (aV^  s)u°[ay^(l-s^)Jds 


.21)      F(7i)    =  /        cosh   (a  y^  s)u°  [a  7^7(1-2^)]  < 

ati    ■-' 


T         r  ^  sinh  a(  yr  -  A  )        sinh  a.{  JJ  +  J^ 

il  J     ni)      — — _.___>  as 

0  /^(Tl-A)  J^(JJ*J^) 


-   C  coshfa  sfr\]/  it    . 

Replacing  t]  by  t     and  |  by  s     wherever  |   and  t)  appear  in   (4.21)   and  taking  into 
account   (l)   the  definitions   of  C    [equation  (4.9)]    and  P(| )    [equation  (4.13)]    and 
(2)   the  fact  that  f,  (t)   is  an  odd  function  of  t,   we  obtain  the  following  integral 


Cf.   Inference    [6]   pp.   10-11. 
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equation  for  the  fimction  tf  (t): 

(i4-.22)     tf^(t)   =  a^    J       cosh(ats)t3®  [at  7(1-3^)  Jds 


^  |sinh[a(t-B)"]        cosh(at)slnii(as) 


sf  (s)ds  . 


In  the  special  case  of  normal  plane-wave  incidence,  vhere  u°(p)-lk  [see  equa- 
tions (2.10)  and  (^.l)],  equation  (4.22)  becomes 

n      |ainh[a(t-s)]   cosh(at)sinh(as) 
(4.25)  tf^(t)  =  ^  sinh  at  +  ^  /   < >  sf^(s)ds, 


It  is  easily  verified  that  the  kernel  in  the  integral  equation  (4.22)  is 
of  order  a  when  a  is  small.  Thus,  assuming  merely  that  u^(p),  p  >  0,  is  a 
continuous  function  of  p,  we  readily  conclude  that  equation  (4.22)  has  a 

unique  continuous  solution  (the  Neumann  series)  for  sufficiently  small  values 

•x-x- 
of  a   .  With  this  fact  established,  it  readily  follows  that  the  domain  of 

regularity  of  tf^(t)  contains  the  circular  domain  h^   defined  by  the  relation 

0  <  l"t|  <  1  +  A/a.  To  prove  this,  it  is  enough  to  observe  that  (l)  the  integral 

term  is  an  entire  function  of  t  since  the  kernel  enjoys  this  property  and  (2) 

the  inhomogeneous  term  is  regular  for  all  t  in  the  domain  Q.   because  u^(p)  is, 

by  hypothesis,  a  regular  function  of  p  in  the  circular  domain  0  <  p  <  a  +  A. 

This  justifies  our  earlier  use  of  Laplace  transform  methods. 

In  problem  r^  we  are  able  to  establish  the  unique  existence  of  fp(t)  for  all 
a  >  0  because  the  kernel  sinhja,(t-s)3/t-s  (see  equations  (5-11)  and  (5.15))is 
symmetric  and  because  the  complex  constant  X  =  l/rti  can  never  be  an  eigenvalue 
of  the  corresponding  homogeneous  integral  equation. 


In  effect,  the  regularity  properties  of  u  (p)  control  the  regularity  properties 
of  tf  (t).   That  tf  (t)  is  even  follovs  from  the  form  of  the  kernel  and  the  fact 
that  the  inhoraogeneous  term,  is  even  -  it  is  here  that  we  make  use  of  the  evenness 
of  u°(p)  as  a  function  of  p.   Finally,  let  us  note  that  f,(t)  =  C/(e'^'  ')  when 
|t|  tecomes  large  so  that  its  Laplace  transform  exists  . 

Assixtning  $  exists,  it  remains  to  prove  that  <t)^  is  unique  in  the  class  of 
solutions  satisfying  the  properties  listed  in  equation  (2.3)  •  To  this  end,  we 
employ  the  standard  argument  which,  "briefly,  rains  as  follows.   If  i;   is  another 
solution,  then  v  =  i  -    <t>     enjoys  all  the  properties  of  0^  except  that  bv/bz 
vanishes  in  the  aperture.   We  next  consider  the  integral  /  V(v  •Vv)dV;  here, 
V  denotes  the  complex  conjugate  of  v,  eU  is  the  domain  contained  within  the 
siirface  shown  (in  cross  section)  in  Figure  3  and  dV  is  the  volume  element. 


FIGURE  3 

A  croes-s^otional  vlev  of  the  surfaces  (shown  dashed) 

that  bound  the  domain"^  .  0>   and  ^ ^   are  merldlanal 
K        o 

semi-circles  cut  out  of  a  hemisphere  and  torus  vhose 
equatorial  planes  coincide  vith  the  plane  of  the 
screen  rO   •  Both  torus  and  hemisphere  are  centered 
at  0. 
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Employing  (l)  Green's  Theorem,  (2)  the  vanishing  of  v  and  dv/Sz  on  the 
ftperture  and  the  screen^respectively^  and  (5)  the  fact  that  v  satisfies  the 

■wave  equation  and  the  radiation  condition,  ve   find,  on  letting  e  and  R~  approach 

i2  ,2i  |2, 

follows  easily  that 


zero,  that 


r(iw|2+k2ivr)dv=o.  Fi-omthis,  it 


V  vanishes  everywhere  -  i.e.,  that  <!>-,=  4)   . 

Turning  now  to  the  special  case  of  normal,  plane- wave  incidence,  we  use 
the  fact  that  the  kernel  is  of  the  order  a  when  a  is  small,  and  calculate 
several  terms  of  the  Neumann  series  for  tf^(t).  We  find,  after  three  itera- 
tions,  that  f-(t)  is: 


k.2h)      fJt)    =     -     < 
1       jt 


120   50^0   562880 


a'    7a^ 
81   2025 


t  +  t- 

810 


21a 


ha-" 
+  + 


Qa? 


9      225   735   127575 


r„5 


51a- 


90   525   198^^50 


2520   i4i75 


136080 


729/ 


?P- 


+  0 


{^'') 


Ihe   mE:=iim.um  value  of  a  for  which  this  expression  for  f-,(t)j  regarded 
power  series  in  a,  converges  is  at  present  unknown. 
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Inserting  this  expression  for  f, (t)   into  equations   (j.lj)^    (5.1^)   and  (5.l6)j 
we   find  that  the  aperture   field  is 


(^•25)      *i     =    y    ajl  -    (pV)] 


n-l/2 


vhere 


(^.26)     a^  ,     |£ 


,5        > 


a         2ia^         a         IJia^        /I  \      6 

+  —  +  +  +  + I    a 

6  9jt         120         225rt        \50^0       8ljt' 


525ia'         /       1 
+  +  I    


38 


M^lOOjt        \  362880       20253t' 


2691 


k± 


5715560rt      729rt- 


^a^l        .^(a^^) 


^2       ajti 


5a^       2ia^       a         19ia^        /I              ^     \      fi 
W 2J    a 


+  —  + 


10        5it        56        175«       V  2160      h^n 


7-1 


63in, 
596900 


^(.-) 


^ 


500rti 


5a^       lOia^       5a         76ia^ 


l4        21:t        216        567jt 


+   O 


(^^) 


17640rti 


7a^       58a^i 


18        8ljt 


+     0(a^^     , 


^ 


(l63296o)rti 


+  (5(a^^)  . 


The  diffracted  amplitude  is; 


(^.27) 


2        if  6  8  10     , 

■  '  a  \ 


o  /  a         a  a  a 

A  (e)  ==^l\(-  +  -  +  —  ,+  — 
^  '^       L>5        30      8if0      1^55' 


1+5560      3991680  / 


1+    6    8     10 
a     a     a     a 


co6-^e  +  ( 

30   252   6480   352640  /       ^  84o 


/a     a 


8       10 
a      a     \ 

6480   158400  / 


8     10 


45560   532640 


10 

J  cos'''e+  ( ) 

/      ^  3991680  / 


-   8   17a^° 


11a 


27   1550 


151a 
147000 


[JL  +  i!!_^  COS  0  +  —  cos^Q   +  21°:   (1 
^245   12150/  2430       J    '^   L  2^1 

J>  8         ^8       -1) 

)  cos  9  +  (  +  )  cos^Q  +  cos^G  W     +  0  (a}'^) 

/        ^  270   3500  /        7560 


The  transmission  coefficient  is: 


(4.28)     t     =    ^^  1  1  + 
^        27« 


o  4    r          80,2       311n,          /    2612            ^      \       6 
^     I    1  +  + +   ( \     a 

[_         25        6125       \  496125      8ijt    / 


+     0(a}^). 
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These  expressions  are  in  complete  agreement  vlth  those  given  by  C.J.  Bouwkamp 
(see  reference  [l]  pp.  6k   and  72).  Actually,  our  result  for  the  apertiore  field 
is  a  little  more  accurate  than  that  given  by  Bouvkanrpj  we  have  calculated 
a  ,a  , ...,a^  ,    regarded  as  power  series  in  a,  up  to  and  including  a  } 
Bouwkamp  gives  a  , . . . , a,  up  to  and  including  a  . 

This  completes  our  discussion  of  the  first  boundary- value  problem. 


5.   The  Second  Boundary- Value  Problem 


We  represent  "JipCp,  z)  as  follows: 


^  ^ik  R^(p,z;t) 

T 


(5.1)   *p(p.z)  =   /    ^— fp(t)dt 


n^   I  ik  R^(p,z;t)    ik  R"(p,z;t)| 
^^   1^  R  (p.z;t)       R  (p,z;t)   I 

The  quantities  R~(p,z;t)  are  defined  in  equation  (3.3)j  fp(t)  is  required  to  be 
(l)  an  even  function  of  t  and  (2)  a  regular  function  of  t  in  a  circular  domain 
of  the  complex  t  plane  containing  the  unit  disc.  At  points  of  the  apertxire,  the 
only  points  in  physical  space  where  the  integrand  can  be  singular,  ^^   and  its 
derivatives  may  be  defined  as  the  limits  approached  by  "t^  in  z  >  0  as  z  approaches 
zero  . 

*  In  the  expression  for  <t>^  [equation  (5.l)J,  the  pole  singularity  of  the  integrand 
associated  with  p  =  z  =  0  is  only  apparent  since  f^(t)  is  odd.   On  the  other 
hand,  the  integrand  of  *_  at  p  =  z  =  0  has  a  genuine  pole.  In  this  case, 
lim  4'(o,z)  may,  for  example,  be  obtained  from  the  weUL-known  PlemelJ  formulas 

(see  reference  [ll] ) . 
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Repeating  the  argument  of  Section  J>,   vb  find  that   conditions   (i)^    (ii)      and 
(iii)(see  Section  2)   are  satisfied.      In  Appendix  I,   we  shov  that   i>^  andV^^  have 
the   following  behavior  in  the  neighborhood  of  the  edge    : 
2  v/2  fgCD 


(5.2)  *„  =  1 ^—       (5/a)2  cos(7/2)   +^(6/a) 


1  a*       -  72  f(i)  P      ^. 

(5.5)  (8/a)2-^=     ^i—     cos   (7/2)     +  <:5[(5/a)2j 

o5  a 


i     1     S*  /2  f(l) 

(5.4)  (5/a)^     -    -^     =     — ^1— 

5     07  a 


(7/2)   +  0  [x5/a)£|    . 


The  variables  5  and  7  are  those  introduced  earlier  in  equation   (5.8)    (see  Figure  2) 


and  $     =  ct>(5,7)   is  defined  by 


(5.5)  *2  "  "'2  ^^  '^"^  7.   a  +  5  sin  7)    . 

These  results  imply  that  conditions (v)   and  (vi)   of  Section  2  are  satisfied. 
Employing  equations   {'b'^),    (5»5)  and.  (5-7)     ,   vb  obtain  from  (5.I)   the 
following  expressions  for  S<t>  /Sz  (in  the  apertiore),   the  far  field  and  the  trans- 
mission coefficient  t    : 

a*  .         r  cosh[aVt  -(p/a)  J 

(5.6)  2^     2d        /  -==11 tf  (t)dt  ,      Osp<a, 

^    ^^  va     z?:^;^ 

ik  R 

(5.7)  *2  '^    ^2^®^     ~R~     ^      R^oo    , 


f2(l)  =  —  a^  where  a  is  defined  in  equation  (5.15)below.  Several  terms 
of  the  power  series  for  a  ,  regarded  as  a  function  of  a,   are  given  in 
equation  (5.I6). 
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vliere 

1 
(5.8)  A^Ce)    =     2    J  cosh  (at   cos   e)f2(t)dt; 

o 

(5-9)  ^2  =    4     J  IV^^l^  ^^^  ^  ^®  • 


Enforcing  the   aperture   condition,   we   find  the   following  analog  of 
equation   (^.8): 

pp/^     cos[ay(p/a)2-t2]  pl  slnh(ayt2-(p/a)^ 

(5.10)    /       '^— ^    ^2(^)^^  =  i  ^2(p)  ^  I  j      A — r 


X     f2(t)(it 


Arguing  as   in  Section  k,   we   are  led  to  the   integral  equation 
(5 


.           n^                [a(t  -  s)] 
.11)  f2(t)    =  g(t)   +     ^      j  sinh— f2(s)ds, 

u°   (at  yi-s    )ds 


where 


(5.12)         g(t)   =  -  U2(0)    cosh  at  +  -^^    /        cosh  at 


^ 


(u°  (p)    =  -r-  ^p(p))  •      I^  *^®  special  case  of  normally  Incident,  plane-wave 

o  ^ 

excitation  of  unit  aarplltude,  we  find,   since  u^     vanishes,   that 

,         r  La(t  -  s)] 

(5.13)  f^(t)    =    -  cosh  at  +    -r       /       sinh  fMds    . 

2  «  «i      J_^  (t  -  s) 
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Equation  (5«ll)  implies  the  tmique  existence  of  an  even  function  of  t, 
regular  in  the  donain  lt[  §  1  +  A/a,  if,  as  ve  have  assumed,  u^dp)  is  an  even 
function  of  p,  regular  in  the  domain  0^  |p1  -  a  +A.   Arguments  paralleling 
those  employed  in  Section  k-   guarantee  the  existence  of  the  Laplace  transform  of 
fp(v/T)//F  ,    so  that  the  manipulation  leading  to  ( 5. 11) -(5. 13 )  is  justified. 
Making  use  of  the  fact  that  the  kernel  in  (5. 11)  or  (5*15)  is  of  order  a  when 
a  is  small,  ve  may  obtain  f  as  a  Neumann  series.   In  the  plane-wave  case 
[equation  (5.I3)],  we  find  that 


(5.1^)    fp(t) 


2.2 
a  t 


g  t    g  t 

~2^~         720 


"  [^2g  +  —  +  ^)  +  (  -  +  -7^  )t  +  ^  t  J 


-  L^'^"'  ^  —  +  202T- )  ■^.  ( —  ^  T5r  ^*  "■  50  * 


i^[(8gn5^).-^t2].i^[(l6g' 


k      8^ 

9 


).5^t^] 


3[-']-7[*«' 


0(J) 


The  maximum  radiiis  of  convergence  for  this  sum  regarded  as  a  function  of  a  is 
not  known.  C.H.  Yang  L  -'  has  shown  that  it  is  at  least  I/2. 
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Inserting  this  expression  into  equations   (5-6),    (5-8)  and  (5-9),   ve  obtain 
the  following  expressions   for  ^  ^/^,   A^C©)   and  t^: 


(5-15)        -^-'-h 


[l  -   (p./a)2]'   2  +  a^[l  -   (p/a)2]2  +  a^  [l  -   ip/^f]2 


+     a.[l  -    (p/a)2j2 


^   (J) 


where 


(5.16)         a^  =  1 


2i  ,1        ^     %    2        .,7 


,1         2    ^  16  ^  ih       .  /     1^5        ^^  ^  32  V  5 


w    1     -  -iill    ,  1^      »  vS    0  (J)  ; 


T^O      l,050,2  ■  9»'      ? 


(5.1T)         a,.-ia^-#.(i-^)a^-.C^-^).=^ 


,1  ij-9  8     V  6      /^r  ^\   . 

I55rt        5rt 


(5.18)  a3=-l,„''.i^.(^--i;5)a«.d)(J), 


50rt 


(5-W)         ^=     -5?00-'5(-')   • 
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The  diffracted  amplitude   is 


(5.20)       ^AgCe) 


/I  h  1  .       2.       ^  2 

1  +  ( 2   "  ^  ^^^        ^   ^ 


16        20      ,1      ,    ,      2  1     V      ,    2„  1        .    4^  1      it 


r,  112        2        64        i+48     X       ,     l6  8  1     ^     ,   : 


1  1      X      .   4„       sin  el     6 


50rt 


Wo'     "" 


^     2      I       ^  ,       ^    ^  ^      sin^e  ^     ^  ^  [r  i6        8    ^    71  ^ 


+  ^  -%  -   2?0   )   "^^^®   +  lio  ^^""^^  ]oP    \     +    (3  (a^) 


The  ti-ansmlssion  coefficient  is 


(5.21)  t. 


16  ,     h 


Sr,        ,4       i+.2^,Tl         8^  16, 

^i  +  (^--)a  +(^--^  +  Tr) 


,     568  1956     ^128      6h   .     6 

-'^^'■^       2o25jt         9«         Jt 


0   (a   ) 
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Oxir  expression  for  t  agrees  completely  vlth  that  obtained  by  C.J.  Bouwkamp  ^  -I 
and,  where  conrparlson  is  possible,  our  expressions  for  d<t)  /Sz  and  A  (9)  eigree 
with  the  listed  results  in  reference  [l]  (see  p.  7I)   •   Note,  however,  that 
our  calciilations  for  M^^/hz   aad  A_(e)  have  both  been  carried  out  to  terms  of 

order  a  whereas  the  corresponding  results  listed  in  reference  [ij  have  been 

h 
carried  out  only  as  far  as  a  . 
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A  misprint  occurs  in  the  expression  for  A  (e)  on  page  71.   It  may  be  rectified 


by  replacing  A^Ce)  by  A^(e)/k. 
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Appendix  I 
Behavior  of  the  Fields  near  the  Circular  Edge 


Let  I   =  I„  (p,z)  denote  the  integrals 


y2         2 
p  +  (z±iat) 

(i.i)    I  ~  =  r  —         —  f(t)dt  , 

o      ^p  +  (z±iat) 

vhere  the  upper  and  lover  signs  in  the  left  member  correspond, respectively^ 
to  the  upper  and  lower  signs  in  the  right  member.   Then  *^  and  *  may  "be 
expressed  as  follovs: 


(1.2)  *1  =  If   -  If 

±  ^1    ^1 


(1.3)  *2  =  ^f  -  ^f 

^     2     2 


Let  f(t)  be  regular  in  a  circular  domain  OS  |t|  S  1  +  A/a;  let  a'  "be  defined 
as  follovs: 

(1.1+)  A7a  =  mln{^,f]   >0. 

We  shall  shov  that 

1         / P  I 

^   ^   P^  exp(iayi-s^)  y2  f(l)   ^  2   ,.  /. 

(1.5)   V  4  /   -7= f(^)^  -  — ^  (  I  )  -'^'^^  -   0(6/a)  , 


Recall  that  f, (t)  and  f„(t)  are  regular  in  the  circular  domain 
OS  lt|  S  1  +  A/a,A>  0. 


1 


(1.6)     ^=-^^  (|)     e"^/=.0(l), 

/2  a~ 


_  1 

Si  "  _  .^,,  s   .  ~  2 


(")        f  7f- ^^ '-^^  C  I  '        e"''^'*0(i) 


/2  ^ 


for  all  5/a  such  that 

(1.8)  0  <  5/a  <  A 7a  ; 

the  variables  5  and  y   are  the  coordinates  introduced  earlier  in  equation  (5.8) 
(see  Figure  2).   Combining  equations  (l.5)-(l.7)  and  (l.2)-(l.5),  vb  obtain 
the  results  quoted  in  the  text  -  namely^  those  appearing  in  equations  (3.I0)- 
(5.12)  and  (5.2)-(5.i^). 

We  shaJ.1  derive  (l.5)-(l.7)  for  I   only;  the  corresponding  derivations 
for  the  I  —quantities  are  exactly  analogous. 

We  begin  with  the  observation  that 

(1.9)  E^  =  J;'  .   (.  .  lat)=  =  a/  ^^  -  ')  /(  ^i^  -  t)   . 

Introducing  the  edge- coordinates   6  and  7    [see  equation     (3.8)],,   we  find  that 
R    may  be  expressed  as  follows: 

(1. 10)  R""   -  a     /(I   -   t)    +  (&/a)    e^''      .     /(l  +  t)    +   (s/a)    e"^^ 


Here,  d  and  d  represent  the  first  and  second  square  roots  respectively. 
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The  "branches  of  d  and  d  are  determined  by  the  requirement  that  their 
product  behaves  like  R  .   Such  a  determination  is  implied  by  the  formulas 

^     ^   (5/a)  sin  y 


(I.ll) 


1  +   -1 


(l-t)+(6/a)cos7 
(s/a)  sin  j 


(l+t)+(5/a)cos7 


vhere  the  branch  of  tan"  x  is   fixed  by  requiring  that 


-1 


0  S   tan       X  <  rt    . 


(1.12) 

Combining   (l.9)   and(l.l),   ve   find  that 

o^        iaf  v/l-t+(5/a)e^''    yi+t+(6/a)e"^^  J 


(1.13) 


yi-t+(6/a)e^^     /l+t+(5/a)e"^^ 


f(t)dt   . 


Mapping  the  complex  t-plane  into  the  complex  ^-pleuie  by  means  of  the  trans- 
formation 


(i.iM 

and  setting 
(1.15) 


^    =  1  -   t   +  (6/a; 


2(5/a)    cos   7 


2   -    ^ 


.17 


(1.16) 


■■>-u 


exp(ia/rs/2^v/l^   ) 

yry2^yi^ 


f[l-^+(5/a)e^^]d^      , 
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where  the  path  P  is  given  parametrlcally  by: 
(1.17)  Uy-)    =  1  -  [^  +   (5/a)  e^'' 

(See  Figure  k) . 


0  g  n  ^  1. 


FIGURE  h 
The  ^ -plane. 


3^^. 


I  may  nov  be  rewritten  in  the  follovlng  more  convenient  form: 

p     exp(ia /r  ysT^   )  .  p     G[0(5/a)] 

(1.18)        4-  -if    -—— .(1-Od^  .  (|  )    /    -^-=^  a,  , 


JXJ^ 


JIJ^ 


(1.19)  G[^;(5/a)] 


(6/a) 


il— — ^  f  Ll-^H-(5/a)e^>'J 


exp 


[ia/rv/2<]f(l-0 


Note   that 


(1.20) 


2(5/a)    cos   7 

2   -    ^ 


for  all  real  values  of  y,    0  =  j  ^  -n,    and  for  all  complex  values  of  6/a  and  t, 
in  the  domains  defined  by 

0  S  UN  3/2   , 
0  g  |5|/a  <  ±/^     . 

It  follows  immediately  from  equation  (l.l9)  that  G[^;(6/a)]  is  an  infinitely 
differentiable  function  of  j   and  a  regular  function  of  6/a  and  of  t^,   vhen  j, 
I  (6/a)  I  and  |^|  are  lim:.ted  to  the  ranges 


(1.22) 


0  g   7  S   jt, 

OS    1 6/a  I   g  A'Va  <  min  il/k   ,   A/a]  =    a' /a^ 

0  g    l^-l|   g   1  +  e    ,      Im  (^-1)   s   0  ^ 
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where 

e  =  A  /a  -  A'7a  , 

(see  Figure  i*-). 

If  we  operate  exclusively  within  these  ranges  ,    the  numerators  in  th«. 
Integrals  of  (I.I8)  are  both  regular  functions  of  5/a  and  ^  and  are  infinitely 
differentiable  fimctions  of  7,  0  s  7  ^  it.  The  problem  of  ascertaining  the  behavior 
of  I  ~  therefore,  reduces  to  determining  the  behavior  of  an  integral  of  the  form 


(i.a.)  ^^  =  /  ^ 


F[t;;(6/a)] 


p  A  72=1 


Here,    F[^;(6/a)]    is  a  regular  function  of  the   variables   ^   and  (S/a)   and  Xz   an 
Infinitely  differentiable   function  of  j,   whenever  these  variables  are   confined 
to  the  above  ranges. 

To  determine  the  behavior  of  J  ,   we  make   use   of  Cauchy's   theorem  and  find, 
since  F[^;(5/a)]    is   regular  within  the    semi-circle    |^-l|    S  1  +  €,    Im  ^   g  0,    that 


(1.25)  / 


F[^;(5/a)]  p  F[^;(5/a)] 


P     A     v'^  p  ^p  /_p  _p         yr    v/2T 

where  the  parametric  equations  of  the  paths  P  ,   P  '  ,    P  and  P  ,    shown  in 
Figure  h,    are  the  following: 


P^  :  ^  =  H  (5/a)  e^^  ,      €S  n  g  1  ; 


P  '  :  ^  =  e'  e^^  ,      OS  a' g  jt 


It  is  assumed  throughout  that  the  branch  points  ^  =  0  and  ^  =  1  have  been 
excluded  in  the  usual  manner  (see  Figure  k) , 
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T^   :   >L  =  [i  ,  egiisli 


P^   :    C   =  1  +  \x(b/a.)e^'^  ,      0  ^  [i  ^  1 


Evaluating  tlie  right  member  of  (I.25)   on  eacti  of  these  paths  separately^    and 
letting  e'    approach  zero^   we  find  that 


FBK^a)]  _  I       ^^/, 


/       -^-^  d^   +    C9  [(5/a)]     , 


where  we  have  exhibited  explicitly  only  the  first  two  terms  of  lowest  order. 
The  integral  term  in  the  right  member  miist  he  interpreted  as  an  improper  inte- 
gral. The  first  term  in  the  right  member  comes  from  the  integral  over  the 
path  P  .   Combining  this  result  and  equation  (l.l8)^  we  find  that 

(X..T)   i^  =  -  ^  (  i  )'  e^r/2  ,(„  ,  i  r'  ""'"^^>'""  a;  .  0  [(a/.)] 

which,  on  introducing  s  =  1-^  as  a  new  variable  of  integration,  reduces  to  the 
result  quoted  in  equation  (l.5)« 

To  determine  the  behavior  of  Si  /S6,  we  operate  on  both  sides  of  (I.I8) 
with  S(  )/^6  and  find  that 
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(1.28) 


B6" 


>i7 


exp(layrv/2-0f(l-0 


J^/2:^ 


5  ^i7 


9  J7 


(,=1+  -   e 


5x6 


+(r) 


17 


Gt;(6/a5 


/c  y2rf 


^=  -  e  ' 


^=1+ 


6  ±y 


r    G[^;(6/a)]  n  dog;  (6/a)J /S6 


/r/2:T 


s/ry2^ 


The  first  line  of  this  'expression  comes  from  the  end  points  of  P,  vhose  position 
depends  on  S/a. 

Observe  that  the  two  integrals  in  the  right  member  of  equation  (I.28)  are 
of  the  same  form  as  J  .  Since  J  =  (_)(l),  ve  conclude  that  the  last  two  terms 
of  (1.28)  are  0  {l)   and  0{b/&),    respectively.   If,  now,  in  (I.28)  we  exhibit 
only  the  lowest  order  term  explicitly,  we  find  that 


^(|)   \'y/^.0(i) 

72  a^  ^ 


which  is  the  desired  result  [cf.  (I.6)]. 

The  behavior  of  6~  hi fdj   near  the  circular  edge  may  be  determined  in  a 
similar  manner. 


38. 


References 


[ij        Bouvkamp^    C.J. 
[2]        Kajrp,    S.N. 


[5]        Green,   A.E.    and 
Zema,W. 

[^j        Magnus,  W. 


[5]        ChBko,    W. 
[6]        Jones,    D.S. 


M 


[9] 


Akhiezer,    N.I.    and 
Akhiezer,    A.N. 


[8]        Noble,   B. 


MacCamy,  R.C.  and 
Heins,  A.E. 


[loj  Magnus,  W.  and 

Oberhettinger,  F. 


[ll]  Muskhellshvili,  N.I. 
[12]   Yang,  C.H. 


Diffraction  Theory;  Reports  on  Progress  in 
Physics, 27, 55, (195^). 

The  natural  charge  distribution  and  capacitance 

of  a  finite  conical  shell;  Research  Report  No.EM-55, 

N.Y.U.  Inst. Math. Scl.,Div. EM  Research, (1956) . 


Theoretical  Elasticity;  Clarendon  Press, Oxford, (195^) . 

An  infinite  system  of  linear  equations  arising  in 
diffraction  theory;  Research  Report  No.  EM-80, 
N.Y.U.  Inst. Math. Sci.,Div.  EM  Research,  (1951), 
Quaxt.Appl.Math.  11,  (1955)- 

On  certain  integrals  in  diffraction  theory  (to  be 
published) . 

A  nev  method  for  calculating  scattering  with 
particular  reference  to  the  circular  disc;  Research 
Report  No.  EM-8T,  N.Y.U.  Inst. Math. Sci .,Div. EM 
Research, (1955)-  ^Isc  Comm.  Pure  Appl.  Math., 9  713(1956) 


K  zadache  o  diffraktsii  elektromagnitnykh  voln  u 
krugovogo  otverstiia  v  ploskom  ekranej  Dokl.  Aka. 
Nauk  SSSR..  109,  53,  (1956). 

A  multiplying- factor  method  for  the  solution  of 

certain  dual  integral  equations  with  application 

to  diffraction  by  strips  and  discs  (to  be  published), 


Axially  symmetric  solutions  of  elliptic  differential 
equations;  Report  No.  2k,  Math.  Dept.  Carnegie  Inst. 
Tech.,  (1958). 


Formulas  and  Theorems  for  the  Functions  of  Mathe- 
matical Physics;  Chelsea,  N.Y.,  (l95^)- 

Singular  Integral  Equations,  P.  Noordhoff,  Groningen, 
Holland,  2nd  Edition,  (1955)- 

On  some  Fredholm  integral  equations  arising  in 
diffraction  theory;  Research  Report  No.  BR-5I,  N.Y.U. 
Inst. Math. Sci., Div. EM  Research  (to  be  published). 


Air  Research  and  Development  Comnand 

Andrewa  Air  Force  Base 

Washington  25,   D.  C. 

Attni     Ma.lor  E,  Wright,   RDTCC 

Director  of  Resident  Training 
33flOth  Technical  Training  Oroup 
Keesler  Air  Force  Base,   Mississippi 
Attni  OA-3011  Course 


DISTRIBUTION   LIST   FOR   RESEARCH   REPORTS 

Contract  No.   AF  19(60l))5238 

(ONE  copy  unless  otherwiae  noted) 

Director 

Evans  Signal  laboratory 

Belmar,  New  Jeraey 

Attni  Mr.  0.  C.  Woodyard 

U,  S.  Amy  Signal  Engineering  Labs. 

Evans  Signal  Uboratory 

Belmar,  New  Jersey 

Attn:  Technical  Document  Center 

Massachusetts  Institute  of  Technology 
Signal  Corps  Liaison  Officer 
Cambridge  39,  Mass. 
Attn:  A.  D.  Bedroslan,  Room  26-131 


Commander 

Air  Force  Missile  Test  Center 
Patrick  Air  Force  Base,   Florida 
Attni     WE  -  for  classified  locuments 
Attni     MU-lill,    Technical  library  -   for 
unclassified  documents 

Tactical  Air  Group 

Directorate  of  Research  and  DevelDpment 

DCS/D 
Head^uarte^3,    USAF 
Washington,   D.  C. 
Attn:     Major  R.  L.  Stall 


Commanding  General,   SIOFM/EL-PC 
II,  S,  Annv  Signal  Engineering  Laba. 
Fort  Monmouth,   New  Jersey 
Attn:     Dr.   Horst  H.  Kedesdy 

Deputy  Chief,  Chem-Physica  Dranch 

Commarder 

Army  Rocket  and  Guided  Mlaslle  Agency 

Redstone  Arsenal,  Alabama 

Attn:     Technical  Library,   ORDXR-OTL 


(5)  Hq.  Air  Force  Canbrldge  Research  Center 
Laurence  0.  Hanscom  Field 
Bedford,  Masa. 

Attn:   CHRD 

Director,  Avionics  Division  (AV) 
Bureau  of  Aeronautics 
Department  of  the  Navy 
Washington  25,  D,  C, 

Chief,   Bureau  of  Ships 
Department  of  the  Navy 
WashinrHon  25,   D.   C. 
Attn:     Mr.  E.   Johnston,   Code  R33E 

Commander 

n.  S.  Naval  Air  Missile  Test  Center 

Point  Mugu,  California 

Attn:  Code  366 

U.  S.  Naval  Ordnance  Laboratory 
White  Oak 

Silver  Spring  19,  Maryland 
Attni  The  Library 


ind  Electr 


Director,  Communications 
Hq.  n.  S,  Air  Force 
Washington  25,  D.  C. 
Attni  AFOAC  S/E 

Commander 

Wright  Air  Devel!>pment  Center 
Wright-Patterson  Air  Force  Base, 
Attni     WCLRS-6,   Mr.   Fortune 

Wright  Air  Development  Center 
Wright-Patterson  Air  Force  Base, 
Flight  Research  Laboratory 
Research  Division 
Attn:     WCRRA 

Commander 

Wright  Air  Development  Center 
Wright-Patterson  Air  Force  Base, 
Attni     N.   Draganjac,   WCLNQ-U 


Conimander 
Wright  Air  Development  Center 
Wrlght-'atterson  Air  Force  Base,  Ohio 
Attni     Mr.   Paul  Springer.  WCLRE-5 


Commanding  General 
11.  S.  Array  Signal  Engineering  Labs. 
Fort  Monmouth,   New  Jersey 
nlcs      Attn:      SIGFM/EL-AT 

Department  of  the  Army 

Office  of  the  Chief  Signal  Officer 

Washington  25,    D.   C. 

Attn:      SIORD-7 

ihlo     Office  of  Chief  Signal  Oficer 

Engineering  and  Technical  Division 

Washington  25,  D.  C. 

Attn:      SIGNET-S 
)hlo 

Guided  Missile  FVze  Library 

Diamond  Ordnance  Fuze  Laboratories 

Washington  25,    D.   C. 

Attn:     R.   D.  Hatcher,   Chief  Microwave 
Development  Section 

hio     (lO)Arraed  Services  Technical  Information 
Agency 
Arlington  Hall  Station 
Arlington  12,    Virginia 


Air  Technical  Intelligence  Center 
Wright-Patterson  Air  Force  Base,   Ohio 
Attn!     AFCI>I-!iBia 

Conimander 

Rome  Air  Development  Center 
Orlffiss  Air  Force  Base,   New  York 
Attni     RCSSTL-1 

Commander 

Rome  Air  Development  Center 
Orlffiss  Air  Force  Base,   New  York 
Attni     Mr.  Donald  Dakan,   RCtJE 

Conimander 

Rone  Air  Develoiment  Center  (ARDC) 
Grifflss  Air  Force  Base,  New  York 
Attn:     Dr.   John  S.  Burgess,   RCE 

Conimander 

Air  Force  Missile  Development  Center 
Holloman  Air  Force  Base,  New  Mexico 
Attn:     HDOIL,  Technical  Library 

Director 

n.  S.  Army  Ordnance 

Ballistic  Research  Laboratories 

Aberdeen  Proving  Ground,  Marvland 

Attn:  Ballistic  Measurements  Laboratory 


C2)Llbrary 

Boulder  Laboratories 
National  Bureau  of  Standards 
Boulder,  Colorado 

National  Bureau  of  Standards 
Department  of  Commerce 
Washington  25,  D.  C. 
Attn:  Mr.  A.  G.  McNish 

National  Bureau  of  Standards 

Department  of  Commerce 

Washington  25,  D.  C. 

Attn:     Gustave  Shapiro,   Chief 

Engineering  Electronics  Section 
Electricity  and  Electronics  Dlv 

(2)  Office  of  Technical  Services 
Deoartment  of  Commerce 
Washington  25,  D.  C. 
Attn!  Technical  Reports  Section 
(Unclassified  only) 


Ballistic  Research  Laboratori»» 
Aberdeen  Proving  Grotind,   Marylarxi 
Attn:     Technical  Information  Branc 


Director 

National  Security  Agency 
Washington  25,    D.   C. 
Attn:      R/D    (331) 

Ho.  Air  Force  Cambridge  Research  Center 

Laurence  G.  Hanscom  Field 

Bedford,   Mass. 

Attn:     CROTLR-2  -   P.   Condon 

(5)Hq.  Air  Force  Cambridge  Research  Center 
Laurence  G.   Hanscom  Field 
Bedford,   Mass. 
Attni     CROTLS  -  J.  Armstrong 


U.  S.   Naval  Ordnance  Test  Station 
China  Lake,   California 
Attn:     Code  753 

Ubrarian 

U.  S.  Naval  Postgraduate  School 

Monterey,  California 

Air  Force  Development  Field  Representative 
Naval  Research  Laboratory 
Washington  25,  D.  C. 
Attn:  Code  1072 

Director 

0.  S.  Naval  Research  Laboratory 

Washington  25,  E.  C. 

Attn:  Code  2027 

Dr.  J.  I.  Bohnert,  Code  5210 

V.  S.   Naval  Research  Lrhoratory 

Washington  25,  D.  C.  (Unclassified  only) 

Classified  to  He  sent  to: 

Director 

U.  S.  Naval  Research  Laboratory 

Attn:  Code  5200 

Washington  25,  D.  C. 

Commanding  Officer  and  Director 

U.  3.  Navy  Underwater  Sound  Laboratory 

Fort  Trumbull,  New  London,  Connecticut 

Chief  of  Naval  Research 
Department  of  the  Kavy 
Washington  25,  D.  C. 
Attn:  Code  U27 

Commanding  Officer  and  Director 

0.  S.  Navy  Electronics  Laboratory  (Library) 

San  Diego  52,   California 

Chief,   Bureau  of  Ordnance 
Departrrent  of  the  N'avy 
Washingtrn  2"^,   D.  C. 
/>ttn:     Code  Ad3 

Chief,   Burenu  of  Ordnance 
Department  of  the  N'avy 
Surface  Guided  Mlaslle  Branch 
Washington  25,   D.  C. 
Attn:     Code  ReSl-e 

Chief,  Bureau  of  Ordnance 
Department  of  the  Navy 
Washington  25,   D.   C. 
Attn:      Fire  Control  Branch    (ReSli) 

Department  of  the  Navy 

Bureau  of  Aeronautics 

Technical  Data  Division,  Code  U106 

Washington  25,  D.  C. 

Chief,  Bureau  of  Ships 
Department  of  the  Navy 
Washington  25,  D.  C. 
Attni  Code  817B 


Commanding  Officer 

n.   S.   Naval  Air  Development  Center 

Johnsville,    Pennsylvania 

Attn:  NADC  Library 

Commander 

U.  S.  Naval  Air  Test  Center 
Patuxent  River,  Maryland 
Attn:  ET-315,  Antenna  Branch 


Director 

Naval  Ordnance  Laboratory 

Corona,   California 

Commanding  Officer 

U.   S.  Naval  Ordnance  Laboratory 

Corona,   California 

Attn:     Mr.  W.  Horenstein,   Division  72 

Airborne  Instruments  Laboratory,    Inc. 

^(C   Old  Country  Road 

Kineola,  New  York 

Attn:  Dr.  E.  G.  Fubini,  Director 

Research  and  Engineering  Division 


Inc. 


American  Machine  and  Foundr;?  Company 

Electronics  Division 

IOS5  Commonwealth  Avenue 

Boston  1?,   Mass. 

Attn:  Mrs.  Rita  Moravcaik,  Librarian 

Andrew  Alford,  Consulting  Engineers 
209  Atlantic  Avenua 
Boston  10,  Mass. 

Avion  Division 
ACF  Industries,  Inc. 
ROO  No.  Pitt  Street 
Alexandria,  Virginia 
Attn:  Library 

Battalle  Manorial  Institute 

?0$  King  Avenue 

Attn:  Wayne  E.  Rife,  Project  Leader 

Electrical  Engineering  Division 

Columbua  1,  Ohio 

Bell  Aircraft  Corporation 

Post  Office  Box  One 

Buffalo  5,  New  York 

Attn:  Eunice  P.  Hazelton,  Librarian 

Bell  Telephone  Laboratories,  Inc. 

Whippany  Laboratory 

Whippany,  New  Jersey 

Attn:  Technical  Information  Library 

Pacific  Division 

Bendix  Aviation  Corporation 

llfOO  Sherman  Way 

North  Hollywood,  California 

Engineering  Library 

Attn:      Peggie  Robinson,    Librarian 

Bendix  Radio  Division 

Bendix  Aviation  Corp. 

E.  Joppa  Road 

Towson  h,  Maryland 

Attn:  Dr.  D.  M.  Allison,  Jr. 

Director  Engineering  and  Research 

Boeing  Airplane  Company 

Pllotless  Aircraft  Division 

P.O.  Box  3707 

Seattle  2k,   Washington 

Attn:     R.R.  Barber,   Library  Supervisor 

Boeing  Airplane  Company 

Wichita  Division  Engineering  Library 

Wichita  1,  Kansas 

Attn:   Kenneth  C.  Knight,  Librarian 

Boeing  Airplane  Company 

Seattle  Division 

Seattle  lb,  Washington 

Attn:  E.T.  Allen,  Librarv  Supervisor 


Convair,  A  Division  of  General  Dynamics 

Fort  Worth,  Texas 

Attn:  K.G.  Brown,  Division  Research 
Librarian 

Convair,  A  Division  of  General  Dynamics 

Corp. 
San  Diego  12,  California 
Attn:  Mrs.  Dora  B.  Burke, 

Engineering  Librarian 

Cornell  Aeronautical  Laboratory,  Inc. 
Ui?"^  Genesee  Street 
Buffalo  21,  New  York 
Attn:  Librarian 

Dalmo  Victor  Company 
A  Division  of  Textron,  Inc. 
1515  Industrial  Way 
Belmont,  California 
Attn:  Marv  Ellen  Addems, 
Technical  Librarian 

Dome  and  Margolin,  Inc. 
29  New  York  Avenue 
Westbury,  Long  Island,  N.  Y. 


Douglas  Aircraft 

P.O.  Box  200 

Long  Beach  1,   California 

Attn:     Engineering  Library  (C-250) 

Douglas  Aircraft  Co.,    Inc. 
P27  Lapham  Street 
El  Segundo,   California 
Attn:     Engineering  Library 

Douglas  Aircraft  Company,    Inc. 
3CX)0  Ocean  Park  Boulevard 
Santa  Monica,   California 
Attn:      P.T.   CUne 

Eq.  Sec.  Reference  Files, 

Eq.  Eng.  A250 

Douglas  Aircraft  Company,  Inc. 
2nno  North  Memorial  Drive 
Tulsa,  Oklahoma 
Attn:  Engineering  Library,  D-250 

Electronics  Communication,  Inc. 
1830  York  Road 
Timonium,  Maryland 

Emerson  and  Cuming,  Inc. 
S69  Washington  Street 
Canton,  Mass. 
Attn:  Mr.  W.  Cuming 

Emerson  Electric  Mfg.  Co. 

8100  West  Florissant  Avenue 

St.  Louis  21,  Missouri 

Attn:  Mr.  E.R.  Breslin,  Librarian 

Sylvanla  Elec.  Prod.  Inc. 
Electronic  Defense  Laboratory 
P.O.  Box  205  -  (Unci) 
Mountain  View,  California 
Attn:  Library 

Fairchild  Aircraft  Division 
Fairchlld  Eng.  and  Airplane  Corp. 
Hagerstown,  Maryland 
Attn:  Library 

Farnsworth  Electronics  Company 
3700  East  Pontiac  Street 
Fort  Wayne  1,  Indiana 
Attn:  Technical  Library 

Federal  Telecommunication  Labs. 
?00  Washington  Avenue 
Nutley  10,  New  Jersey 
Attn:  Technical  Library 

The  Gabriel  Electronics 
Division  of  the  Gabriel  Company 
135  Crescent  Road 
Needham  Heights  9U,  Mass. 
Attn:  Mr.  Steven  Galagan 


General  Electric  Advanced  Electronics  Cente 
Cornell  University 
Ithaca,  New  York 
Attn:   J.  B.  Travis 

General  Electric  Company 

Electronics  Park 

Syracuse,  New  York 

Attn:  Documents  Library,  B.  Fletcher 

Building  3-lli3A 

General  Precision  Laboratory,  Inc. 

63  Bedford  Road 

Pleasantville,  New  York 

Attn:  Mrs.  Mary  G.  Herbst,  Librarian 

Goodvear  Aircraft  Corp. 

1210  Masslllon  Road 

Akron  15,  Ohio 

Attn:     Library  D/120  Plant  A 

Granger  Associates 

Electronic  Systems 

966  Commercial  Street 

Palo  Alto,  California 

Attnt  John  V.  N,  Granger,  President 

Grumman  Aircraft  Engineering  Corporation 
Bethpage,  Long  Island,  N.  Y. 
Attn:  Mrs.  A.  M.  Grav,  Librarian 

Engineering  Library,  Plant  No.  5 

The  Hallicrafters  Company 

UiOl  West  5th  Avenue 

Chicago  2U,  Illinois 

Attn:  La Verne  LaGlola,  Librarian 

Hoffman  Laboratories,  Inc. 
3761  South  Hill  Street 
Los  Angeles  7^  California 
Attn:  Engineering  Library 

Hughes  Aircraft  Company 
Antenna  Department 
Microwave  Laboratory 
Building  12,    Room  2617 
Culver  City,   California 
Attn:     M.   D.  Adcock 

Hughes  Aircraft  Company 
Florence  and  Teale  Streets 
Culver  City,  California 
Attn:  Dr.  L.C.  Van  Atta 


Hycon  Eastern,  Inc. 
75  Cambridge  Parkway 
Cambridge,  Mass. 
Attn:  Mrs.  Lois  Seulowltz 
Technical  Librarian 

International  Business  Machines  Corp. 

Military  Products  Division 

590  Madison  Avenue 

New  York  33,  New  York 

Attn:  Mr.  C.F.  McElwsln,  General  Manager 

International  Business  Machines  Corp. 
Military  Products  Division 
Owego,  Mew  York 

Attn:  Mr.  D.  I.  Marr,  Librarian 
Department  U59 

International  Resistance  Company 
1)01  N.  Broad  Street 
Philadelphia  8,  Pa. 
Attn:   Research  Library 

Jansky  and  Bailey,  Inc. 
1339  Wisconsin  Avenue,  N.  W. 
Washington  7,  D.  C. 
Attn:  Mr.  Delmer  C.  Ports 

Dr.  Henry  Jaslk,  Consulting  Engineer 
298  Shames  Drive 
Brush  Hollow  Industrial  Park 
Westbury,  New  York 

Electromagnetic  Research  Corooration 
711  114th  Street,  N.  W. 
Washington  5,  D.  C. 


BJorksten  Research  Labs,  Inc. 

P.  0.  Box  265 

Madison,  Wisconsin 

Attn:  Mrs.  Fern  B.  Korsgard 


Lockheed  Alrcr«rt  Corpor»tlon 

2555  M.  HollyvDod  W»y 

California  Division  Engineering  Library 

Department  72-75,  Plant  A-1,  Bldg.  63-1 

Bnrbank,  California 

Attni   N.  C.  Harnola 

The  Martin  Company 

P.  0.  Box  179 

Denrer  1,   Colorado 

Attni     Mr.   Jack  McCormlck 

The  Olenn  t.  Martin  Company 
Baltimore  3,   Maryland 
Attni      Engineering   Library 
Antenna  Design  Croup 


ifacturlng  Corp. 


Maryland  Electronic  Man 
5009  Calvert  Road 
College  Park,   Maryland 
Attni     Mr.   H.  Warren  Co 


Providence  6,    Rhode  Island 

The  W.  L.  Majtson  Corporation 

li60  West  3lith  Street 

New  Tork,  N.  Y. 

Attn:     Miss  Dorothy  Clark 

McDonnell  Aircraft  Corporation 

Lambert  Saint-Louis  Municipal  Airport 

Box  516,   St.   Louis  5,   Missouri 

Attni     R.  D.  D*trich,   Engineering  Library 

McMillan  Laboratory,    Inc. 

Erownville  Avenue 

Ipswich,   Massachusetts 

Attn:     Security  Officer.    Docxurent  Room 

Melpar,    Inc.  (2) 

3000  Arlington  Boulevard 

Falls  Church,    Virginia 

Attni     Engineering  Technical  Library 

Microwave  Develooment  Laboratory 
90  Broad  Street 
Babson  Park  57,   Massachusetts 
Attni     N.  Tucker,   General  Manager 

Microwave  Raiiation  Company  Inc. 

19223  South  Hamilton  Street 

Gardena,   California 

Attn:     Mr.  Morris  J.  Ehrlich,    PTPsident 

Chance  Vought  Aircraft,   Inc. 
93114  West  Jefferson  Street 
Dallas,   Texas 
Attni     Mr.   H.  S.  White,   Librarian 

Northrop  Aircraft,    Inc. 
Hawthorne,    California 

Attn:     Mr.  E.   A.  Freitas,   Library  Deptjlli5 
1001  E.  Broadway 

Remin^on  Rand  Univ.  -  Division  of  Sperry 

Rand  Corporation 
1900  West  Allegheny  Avenue 
Philadelphia  29,    Pennsylvania 
Attn:     Kr.   John  F.  McCarthy 

R  and  D  Sales  and  Contracts 

North  American  Aviation,    Inc. 
1221ii  Lakewood  Boulevard 
Downey,   California 
Attn:     Engineering  Library  1495-115 

North  American  Aviation,   Inc. 
los  Angeles  International  Airport 
Los  Angeles  Ii5,   California 
Attn:     Engineering  Technical  File 

Page  Comnmniretions  Engineers,    Inc. 
710  Fourteenth  Street,   Northwest 
Washington  5,    D.  C. 
Attni     Librarian 

Philco  Corporation  Research  Division 

Brcnch  Library 

14700  Wissachickon  Avenue 

Phlladjlphia  I4I4,   Pa. 

Attni  Mrs.  Dorothy  S.  Collins 


Pickard  and  Bums,    Inc. 

2I1O  Highland  Avenue 

Needhaa  9I4,   Mass. 

Attn:     Dr.   J.  T.  DeBettencourt 

Polytechnic  Research  and  Development 

Company,    Inc. 

202  Tillary  Street 

Brooklyn  1,  New  York 

Attn:  Technical  Library 

Radiation  Engineering  Laboratory 
Main  Street 
Maynard,  Mass. 
Attn:   Dr.  John  Ruze 

Radiation,  Inc. 

P.  1.  Drawer  J7 

Melbourne,  Florida 

Attn:  Technical  Library,  Mr.  M.L.  Cox 

Radio  Corp.  of  America 

RCA  Laboratories 

Rocky  Point,  New  Tork 

Attn:   P.  S.  Carter,  Lab.  Library 

RCA  Laboratories 
David  Sarnoff  Research  Center 
Princeton,  New  Jersey 
Attni  Miss  Fern  Cloak,  Librarian 
Research  Library 

Radio  Corporation  of  America 
Defense  Electronic  Pro lucte 
Building  10,  Floor  7 
Camden  2,  New  Jersey 
Attni  Mr.  Harold  J.  Schrader 

Staff  Engineer,  Organization 

of  Chief  Technical 


The  Ramo-Wooldridge  Corporatio 
P.O.  Box  Ii5li53  Airport  Statlor 
Los  Angeles  li^,    California 
Attn:      Margaret  C.   Whitnah, 
Chief  Librarian 


Mlc 


Co. 


Director,  nSAF  Project  RAND 

Via  I  Air  Force  Liaison  Offlc 

The  Rand  Corporation 

1700  Main  Street 

Santa  Monica,  California 


Raytheon  Manufacturing  Company 
Missile  Systems  Division 
Bedford,  Mass. 
Attn:  Mr.  Irving  Goldstein 

Raytheon  Manufacturing  Company 
Wayland  Laboratory,  State  Road 
Wavland,  Mass. 
Attn:   Mr.  Robert  Sorts 

Raytheon  Manufacturing  Comtany 
Wayland  Laboratory 
Wayland,  Mass. 

Attn:  Miss  Alice  G.  Anderson, 
Librarian 

Republic  Aviation  Corporation 
Farmlngdale,  Long  Island,  N.  Y. 
Attn:  Engineering  Library 

Thru  I  Air  Force  Plant  Representatlv 
Republic  Aviation  Corp. 
Farmlngdale,  Long  Island,  N.T 

Rheom  Manufacturing  Company 
9236  East  Hall  Road 
Downey,  California 
Attn:   J.  C.  Joerger 


Trans-Tech,  Inc. 
P.  0.  Box  3I46 
Frederick,  Maryland 


Ryan  Aeronautical  Conpanv 
Lindbergh  Field 
San  Diego  12,  California 
Attn:  Librar/  -  unclassified 

Sage  Laboratories 
159  Linden  Street 
Wellesley  81,  Mass. 

Sanders  Associates 
95  Canal  Street 
Nashua,  New  Hampshire 
Attn:  N.  R.  Wild,  Uhrary 

Sandia  Corporation,  Sandla  Base 

P.O.  Box  5''00,  Albuquerque,  New  Mexico 

Attn:  Classified  Document  Division 

Sperry  Gyroscope  Company 

Great  Neck,  Long  Island,  New  York 

Attn:     Florence  W.  Tumbull,   Engr.  Ubrarlan 

Stanford  Research  Institute 

Menlo  Park,   Callfomia 

Attni     Library,   Engineering  Division 

Sylvania  Electric  Products,    Inc. 
100  First  Avenue 
Walthan  5I4,   Mass. 

Htm     Charles  A.  Thornhlll,    Report  Librarian 
Walthan  Laboratories  Library 

Systems  Laboratories  Corporation 
lii''52  Ventura  Boulevard 
Sherman  Oaks,   Callfomia 
Attn:     Donald  L.  Margenm 

TH3,    Inc. 

17  Union  Square  West 

New  York  3,   N.  Y. 

Attn:     M.  L.   Henderson,   Librarian 

A.  S.  Thomas,  Inc. 

161  Devonshire  Street 

Boston  10,  Mass. 

Attn:  A,  S,  Thomas,  President 

Bell  Telephone  Laboratories 
Murray  Hill 
New  J»rsey 

Chu  Associates 

".  0.  Box  3^7 
Whltcomb  Avenue 
Littleton,  Mass. 


Raytheon  Manufacturing  Company 
Mlssil-  Division 
Hartwell  Road 
Bedford,  Mass. 

Radio  Corporation  of  America 
Aviation  Systems  laboratory 
225  Crescent  Street 
Walthara,  Mass. 

Lockheed  Aircraft  Corporation 
Missile  Systems  Division  Research  Library 
Box  50b,   Sunnyvale,   Callfomia 
Attn:     Miss  Eva  Lou  Robertson, 
Chief  Librarian 

The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
Attn:  Dr.  W.  C.  Hoffman 

Commander 

AF  Office  of  Scientific  Research 

Air  Research  and  Development  Comnand 

lUth  Street  and  Constitution  Avenue 

Washington,  D.  C. 

Attn:     Mr.  Otting,   SRY 

Westlnghouse  Electric  Corp. 
Electronics  Division 
Friendship  Int'l  Airport  Box  7I46 
Baltimore   3,    Maryland 
Attn:     Engineering  Library 


Wheeler  Laboratories,  Inc. 
122  Cntter  Hill  Road 
Great  Neck,  New  York 
Attn:  Mr.  Harold  A.  Wheeler 

Zenith  Plastics  Co. 
Box  91 

Gardena,  California 
Attni  Mr.  S.  S.  Oleesky 

Library  Geophysical  Institute 
of  the  University  of  Alaska 
College 
Alaska 

University  of  California 

Berkeley  h,   Csllfomia 

Attn:     Dr.  Samuel  Silver, 

Prof.  Engineering  Science 
Division  of  Elec.  Eng.   Electronics 
Research  Lab, 

Hniversity  of  Califomia 
Electronics  Research  Lab. 
332  Cory  Hall 
Berkeley  h,   California 
Attn:     J.   R.  Whinnery 

California  Institute  of  Technology 
Jet  Propulsion  Laboratory 
liROO  Oak  Grove  Drive 
Pasadena,   California 
Attn:     Mr.    I.   E.   Hewlan 

California  Institute  of  Technology 
1201  E.  Calif  oml  a  Street 
Pasadena,   California 
Attn:     Dr.  C.   Papas 

Carnegie  Institute  of  Technology, 
Schenley  Park 

Pittsburgh  13,    Pennsylvania 
Attn:     Prof.  A.   E.  Heins 

Cornell  University 

School  of  Electrical  Engineering 

Ithaca,   New  York 

Attn:     Prof.   G.   C.   Dalman 

rniversity  of  Florida 

Department  of  Electrical  Engineering 

Gainesville,   Florida 

Attn:     Prof.   M.   H.   Latour,    Librarr 

Library 

Georgia  Institute  of  Technology 

Engineering  Experiment  Station 

Atlanta,  Georgia 

Attn:  Mrs.  J.H.  Crosland,  Librarian 

Harvard  University 

Technical  Reports  Collection 

Gordon  McKay  Library,    303A   Pierce  Hall 

Oxford  Street,   Cambridge  3",   Mass. 

Attn:     Mrs.  E.L.  Hufschmidt,   Ubrarian 

Harvard  College  Observatory 
60  Garden  Street 
Cambridge  3',   Mass. 
Attn:     Dm  Fred  L.  Whipple 

University  of  Illinois 
Documents  Division  Library 
Urbana,    Illinois 

University  of  Illinois 
College  of  Engineering 
Urbana,    Illinois 

Attn:     Dr.   P.  E.  Moyes,   Department  of 
Electrics]   Engineering 

The  Johns  Hopkins  University 
Homewood  Campus 
Department  of   Physics 
Baltimore  18,   Maryland 
Attn:     Dr.  Donald  E.  Kerr 


AppUed  Physics  Uboratory 
The  Johfls Hopkins  University 
8621  Georgia  Avenue 
Silver  Spring,   Maryland 
Attn:     Mr.   George  L.  Selelstad 

Massachusetts  Institute  of  Technologv 

Research  Laboratory  of  Electronics 

Room  203-221 

Cambridge  39,  Massachusetts 

Attn:   John  H.  Hewitt 

Massachusetts  Institute  of  Technology 

Lincoln  Laboratory 

P.  0.  Box  73 

Lexington  73,   Mass. 

Attn:     Document  Room  A-229 

University  of  Michigan 
Electronic  Defense  Group 
Engineering  Research  Institute 
Ann  Arbor,   Michigan 
Attn:     J.   A.  Boyd,   Supervisor 

University  of  Michigan 
Engineering  Research  Institute 
Radiation  Laboratory 
Attn:     Prof.   K.   M.   Slegel 
912  N.  Main  St., 
Ann  Arbor,   Michigan 

University  of  Michigan 
Engineering  Research  Institute 
Willow  Run  Uboratories 
Willow  Run  Airport 
Ypsllantl,   Michigan 
Attn:     Librarian 

University  of  Minnesota 

Minneapolis  Id,   Minnesota 

Attn:     Mr.   Robert  H.   Sturam,    Ubrary 

Northwestern  University 
Microwave  Laboratories 
Evanston,   Illinois 


Attn 


R.  E.  Bean 


Ohio  State  University  Research  Found. 
Ohio  State  University 
Columbus  10,  Ohio 
Attn:  Dr.  T.E.  Tice 

Dept.  of  Elec.  Engineering 

The  University  of  Oklahoma 
Research  Institute 
Norman,  Oklahoma 

Attn:  Prof.  C.  L.  Farrar,  Chairman 
Electrical  Engineering 

Polytechnic  Institute  of  Brooklyn 

Microwave  Research  Institute 

?5  Johnson  Street 

Brooklyn,  New  York 

Attn:  Dr.  Arthur  A.  Oliner 

Polytechnic  Institute  of  Brooklyn 
Microwave  Research  Institute 
5?  Johnson  Street 
Brooklyn,  New  York 
Attn:  Mr.  A.  E. 


Sandla  Corooration 
Attn:  Organization  lli23 
Sandla  Base 
Albu-mernue,  New  Mexico 


Syracuse  University  Research  Institute 
Collendale  Campus 
Syracuse  10,  New  York 
Attn:  Dr.  C.  S.  Grove,  Jr. 

Director  of  Engineering  Research 

The  University  of  Texas 
Elec.  Engineering  Research  Laboratory 
P.  0.  Box  8026,  University  Station 
Austin  12,  Texas 
Attn:  Mr.  John  R.  Gerhardt 
Assistant  Director 

The  University  of  Texas 

Defense  Research  Laboratory 

Austin,  Texas 

Attn:  Claude  W.  Horton,  Physics  Library 

University  of  Toronto 

Department  of  Electrical  Engineering 

Toronto,  Canada 

Attn:  Prof.  0.  Sinclair 


Lowell  Technological  Institute 
Research  Foundation 
P.  0.  Box  709,  Lowell,  Mass. 
Attn:  Dr.  Charles  R.  Minglns 

University  of  Washington 

Department  of  Electrical  Engineering 

Seattle  5,  Washington 

Attn:  G.  Held,  Associate  Professor 


Physical  Science  Laboratory 

New  Mexico  College  of  Agriculture 

and  Mechanic  Arts 

State  College,  New  Mexico 

Attn:  Mr.  H.  W.  Haas 

Brown  University 
Department  of  Electrical  Engineering 
Providence,    Rhode   Island 
Attn:     Dr.   C.   M.   Angulo 

Case  Institute  of  Technology 

Cleveland,   Ohio 

Attn:     Prof.   S.   Seeley 

Columbia  University 

Department  of  Electrical  Engineering 

Homingeide  Heights 

New  York,   N.  Y. 

4ttn:  Dr.  Schlesinger 

McGlll  University 
Montreal,  Canada 
Attn:  Prof.  Q.  A.  Woonton 

Director,  The  Eaton  Electronics 

Research  Lab. 

Purdue  University 

Department  of  Electrical  Engineering 

Lafayette,    Indiana 

Attn:     Dr.  Schultz 

The  Pennsylvania  State  University 
Department  of  Electrical  Engineering 
University  Park,    Pennsylvania 

Dniversitv  of  Pennsylvania 

Institute  of  Cooperative  Research 

31:00  Walnut  Street 

Philadelphia,  Pennsylvania 

Attn:  Dept.  of  Electrical  Engineering 

University  of  Tennessee 
Ferris  Hall 
W.  Cumberland  Avenue 
Knoxvllle  16,  Tennessee 

University  of  Wisconsin 
Department  of  Electrical  Engineering 
Madison,  Wisconsin 
Attn:  Dr.  Schelbe 

University  of  Seattle 

Department  of  Electrical  Engineering 

Seattle,  Washington 

Attn:  Dr.  D.  K.    Reynolds 

Wayne  University 
Detroit,  Michigan 
Attn:   Prof.  A.  F.  Stevenson 

Electronics  Research  Laboratory 
Illinois  Institute  of  Technology 
3300  So.  Federal  Street 
Chicago  16,  Illinois 
Attn:  Dr.  Lester  C.  Peach 
Research  Engineer 

Advisory  Group  on  Electronic  Parts 

Room  103 

Moore  School  Building 

200  South  33rd  Street 

Philadelphia  1:,  Pennsylvania 


Ionosphere  Rooearch  Laboratory 

Pennavlvanla  State  College 

State  College,    Pennavlvani* 

»TTMi     Profesaor  A.   H.  Wamlck,   Dire 

Institute  or  Mathematical  Sciences 
Z?  Waverlv  Place 
New  York  3,   New  York 
ATTN  I     Librarian 

Electronics  Division 
Rand  Corporation 
1700  Main  Street 
Santa  Monica,   CaUfomia 
ATTNi     Dr.   Robert  Xalaba 

National  Bureau  of  Standards 

Washligton,   D.  C. 

ATTN:     Dr.  W.   K.  Saunders 

Applied  Mathematics  and  Statistics  L 

Stanford  I'nlverslty 

Stanford,     (illfomia 

ATTN:     Dr.  Albert  H.  Bowker 

Deparlme-.t  of  Physics  and  Astronomy 
Michigan  State  College 
East  Lansing,   Michigan 
ATTNl      Dr.   A.   Leltner 

tJniversitv  of  Tennessee 
Knoxvllle,   Tennessee 
A'H'N:     Cr.   Fra  i  A.   Ficken 

Lebanon  Valley  College 
Annvllle,  Pennsylvania 
ATTN!     Professor  B.H.  Biasinger 

General  Atomic 


Department  of  Physics 
Amherst  College 
Amherst,   Mass. 

ATTNi     Dr.  Arnold  Arons 

California  Institute  of     Technology 
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Pasadena,   California 
ATTN:     Dr.   A.  Erdelyl 

Mathematics  Depertment 

Stanford  Iiniversity 
Stanford,  California 
ATTN:     Dr.   Harold  Levlne 

University  of  Minnesota 

Minnnapolis  I'j,   Minnesota 

ATTNi     Professor  Paul  C.  Rosenbloom 

Department  of  Mathematics 

Stanford  "nlversity 

Stanford,   California 

ATTN:     Professor  Bernard  Epstein 

Applied  Physics  Laboratory 
The  .Iohi*i  Hopkins  Oniverslty 
8621  Georgia  Avenue 
Silver  Spring.   Maryland 
ATTN:     Dr.  B.  S.  Oourary 

(2)Exotiange  and  Gift  Division 

The  Library  of  Congress 
•.Washington  25,   D.  C. 

Electrical  Engineering  Department 
Massachusetts  Institute  of  Technology 
Cambridge  39,   Mass. 
ATTN:     Dr.  L.   J.  Chu 

tJuclear  Developnent  Associates,    Inc. 

S  New  Street 

White  Plains,  New  York 
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California  Institute  of  Technology 
Electrical  Engineering 
Pasadena,  California 
ATTN:  Dr.  Zohrab  A.  Kapriellan 


Dr.  Rodman  Doll 
311  W.  Cross  Street 
Tpsilantl,  Michigan 

California  Inst,  of  Technology 
Pasadena,  California 
ATTN:   Mr.  Calvin  Wilcox 

Mr.  Robert  Brockhurst 

Woods  Hole  Oceanographlc  Inatitut 

Woods  Hole,  M^ss. 

National  Bureau  of  Standards 
Boulder,   Colorado 
ATTN:     Dr.   R.  Gallet 

Dr.  Solomon  L.  Schwebel 

36fl9  Louis  Road 

Palo  Alto,     California 

Oniverslty  of  Minnesota 
The  University  of  Library 
Minneaoolls  m,   Minnesota 
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Department  of  Mathematics 
t'niversltv  of  California 
Berkeley,   California 
ATTN:     Professor  Bernard  Friedman 


Melpar,  Inc., 

3000  Arlington  Boulevard 

'•alls  Church,  Virginia 

ATTN:  Mr.  K.  S.  Kelleher,  Section  Head 

Hq.  Air  Force  Cambridge  Research  Center 

Laurence  G.  Hanscom  Field 

Bedford,  Mass. 

ATTN:  Mr.  Francis  J.  Zucker,  CSRD 

Hq.  Air  Force  Cambridge  Researoh  Center 

Laurence  G.  Hanscom  Field 

Bedford,  Mass. 

ATTN:   Dr.  Philip  Newman,  CRRK 

Mr.  N.  C.  Gerson 

Trapelo  Road 

South  Lincoln,  Mass. 

Dr.  Richard  B.  Barrar 
Systems  Development  Corp. 
ZhOO  Colorado  Avenue 
Santa  Monica,  California 

Columbia  University  Hudson  Laboratories 

P.O.  Box  239 

lli5  Palisade  Street,   Dobbs  Ferry,   N.  Y. 

ATTN:     Dr.  N.  W.   Johnson 

Institute  of  Fluid  Dynamics 
and  Applied  Mathematics 
University  of  Maryland 
College  Park,   Maryland 
ATTN:     Dr.  Elliott  Montroll 

Department  of  Electrical  Engineering 

'•Washington  University 

Saint  Louis  5,   Mo. 

ATTN:     Professor  J.   Van  Bladel 

Department  of  the  Navy 

Office  of  Na'/al  Researoh  Branch  Office 

1030  E.  Green  Street 

Pasadena  1,   California 

Brandels  Vniverslty 
Waltham,  Mass. 
ATTN:     Library 

General  Electric  Company 
Hictowave  Laboratory 
Electronics  Division 
Stanford  Industrial  Park 
Palo  Alto,  California 
ATTN:     Library 


Smyth  Research  Associates 
3555  Aero  Court 
San  Diego  3,  California 
ATTNl     Dr.   John  B.  Smyth 

Electrical  Engineering 
California  Institute  of  Technology 
Pasadena,   California 
ATTN:     Dr/)«orge8  0.  Weill 

Naval  Research  Laboratory 

Washington  25,   D.  C. 

ATTN:     Henry  J.   Passerini,   Code  5279A 

Dr.  George  Kear 
5  Culver  Court 
Orinda,   California 

Brooklyn  Polytechnic 

85  Livingston  Street 

Brooklyn,  New  York 

ATTNl  Dr.  Nathan  Njrcuvltz 

Department  of  Electrical  Engineering 
Brooklyn  Polytechnic 
85  Livingston  Street 
Brooklyn,  New  York 
ATTN:  Dr.  Jerry  Shmoys 

Department  of  Mathematics 
University  of  New  Mexico 
Albuquerque,  New  Mexico 
ATTN:  Dr.  I.  Kolodner 

Mathematics  Department 
Polytechnic  Institute  of  Brooklyn 
vTohnson  and   Jay  Street 
Brooklyn,   '!ew  York 
ATTNi     Dr.  Harry  Hochstadt 

Ballistics  Research  Laboratory 
Aberdeen  Proving  Grounds 
Aberdeen,  Maryland 
ATTN:  Dr.  Pullon  Keats 

Dr.  Lester  Kraus 
Ij935  Whitehaven  Way 
San  Diego,  California 

University  of  Minnesota 
Institute  of  Technology 
Minneapolis,  Minnesota 
Attn:  Dean  Athelston  Spilhaus 

Ohio  State  University 
Columbus,  Ohio 
Attn:  Prof.  0.  T.  Tai 
Department  of  Electrical  Eng. 

Naval  Research  Laboratories 

Washington  25,   D.  C. 

Attn:     W.  S.   Ament,   Code  5271 

Naval  Research  Laboratory 
Washington  25.   D.   C. 
Attni     Dr.  Uslle  0.  McCraeken,   Jr. 
Code  3?33A 

Office  of  Naval  Researoh 
Department  of  the  Navy 
Attn:     Geophysics  Branch,   Code  bl6 
Washington  25,   D.   C. 

Office  of  Chief  Signal  Officer 
Signal  Plans  and  Operations  Division 
Attn:     SIGOL-2.    Room  20 
Com.   Liaison  Br.,   Radio  Prop.   Sect. 
Thi-  Pentagon,   Washington  25,    D.  C. 

Oefence  Research  Member 
Canadian  Joint  Staff 
2001  Connecticut  Street 
Washin^on,   D.  C. 

Central  Radio  Prop.   Lab. 
National  Bureau  of  Standards 
Attn:     Tochnlcal  Reports  Library 
Boulder,   Colorado 

D.  S.  Weather  Bureau 
U.  S.  Department  of  Comnerce 
Washlnrton  25,    D.   C. 
Attni     Dr.   Harry  Wexler 


Federal  Communications  Commission 

Waahln.»ton  2?,   D.  C. 

Attn!  Mrs.  Barbara  0.  Grimes,  Librarian 

Upper  Atmosphere  Research  Section 
Central  Radio  Propagation  Laboratory- 
National  Bureau  of  Standards 
Boulder,  Colorado 

Argonne  National  Laboratory 

P.O.  Box  299 

Lemont,  Illinois 

Attn:  Dr.  Hoylande  D.  Young 

Bell  Telephone  Labs. 

Hurray  Hill,  New  Jersey 

Attn:  Dr.  S.  0.  Rice,  3B  -  203 

Carnegie  Institute  of  Washington 
Dept.  of  Terrestrial  Magnetism 
S2U1  Broad  Branch  Road,  N.  W. 
Washington  15,  D.  C. 
Attn:  Library 

Georgia  Tech  Research  Institute 
225  N.  Avenue,  N.  W. 
Attn:  Dr.  James  E.  Boyd 
Atlanta,  Georgia 

University  of  Maryland 
College  Park,  Maryland 
Attn:  Dr.  A.  Weinstein 
Institute  of  Fluid  Dynamics 

Massachusetts  Institute  of  Technology 

Lincoln  Laboratory 

P.  0.  Box  73 

Lexington  73,  Massachusetts 

Attn:  Prof.  Radford,  Division  3  Head 

Willow  Run  Research  Center 
Universltv  of  Michigan 
Willow  Run  Airport 
Tpsilanti,  Michigan 
Attn:  Dr.  C.  L.  Dolph 

School  of  Engineering 
New  York  University 
University  Heights 
New  York,  New  York 

Shell  Fellowship  Committee  of  the 
Shell  Companies  Foundation,  Inc. 
50  West  50th  Street 
New  York  20,  N.  Y. 
Attn:  Mr.  J.  R.  Jansssn 

Esso  Research  and  Engineering  Co. 

P.  0.  Box  51 

Linden,  New  Jersey 

Attn!  Mr.  C.  L.  Brown,  Manager 

Union  Carbide  and  Carbon  Corp. 
30  E.  U2nd  Street 
New  York  17,  New  York 
Attn:  Mr.  L.  E.  Erlandson 

Convalr 

San  Diego  12,  California 

Attn:     Mr.  MarVin  Stem 

Bell  Telephone  Labs.,    Inc. 
Ij63  West  Street 
New  York  13,   N.  Y. 
Attn:     Dr.  Mervin  J.   Kelly 

Engineering  Library 
University  of  California 
li05  Hllgard  Avenue 
Los  Angeles  2U,   California 

Convalr,  A  Division  of  General  Dynamic 

Daingerfield,   Texas 

Attn:     J.  E.  Arnold,    Division  Manager 

Convalr,   A  Division  of  General  Dynamic 

San  Diego  12,   California 

Attn:     R.   L.  Bayless,   Chief  Engineer 


Convalr,   A  Dlv.  of  General  Dynamics 

Corp. 
Fort  Worth  1,   Texas 
Attn:     F.  W.   Davis,   Chief  Engineer 

Convair,   A  Dlv.  of  General  Dynamics 

Corp. 
Pomona,  California 
Attn:     C.   D.   Perrine 

Ass't  Dlv.   Manager,    Engln. 

Shell  Develofment  Company 

Exploration  and  Production  Res.   Dlv. 

3737  Bellaire  Boulevard 

Houston  25,   Texas 

Attn:  Miss  Aphrodite  Mamoulides 

RCA  Laboratories 
Princeton,  New  Jersey 
Attn:  Dr.  Charles  PoUc 

Stanford  Research  Institute 
S.  Pasadena,  California 
Attn:  Dr.  J.  Brandstatten 

Wayne  State  University 
Kresge-Hooker  Science  Library 
5250  Second  Boulevard 
Detroit  2,  Michigan 

ARRA 

1  Bond  Street 

Westbury,  L.  I.,  New  York 

Attn:  Dr.  Norman  Spector 

Varlan  Associates 

611  Hansen  Way 

Palo  Alto,  California 

Attn:  Mrs.  Perry  Conway 

Technical  Librarian 

Case  Institute  of  Technology 

Department  of  Electrical  Engin. 

University  Circle 

Cleveland  6,   Ohio 

Attn:     Prof.   Robert  Plonsey 

Dr.  Ming  S.  Wong,   CRRKP 
Air  Force  Cambridge  Research  Center 
Laurence  G.  Hanscon  Field 
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20  South  Union  Street 
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Attn:     Dr.  Ernest  Bauer 
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3875  Fabian  Way 
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University  of  Michigan 
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Washington  25,  D.  C. 
Attn:  Dr.  Karl  Kaplan 

University  of  California 
Radiation  Laboratory 

P.  0.  Box  fioe 

Livermore,  California 

Attn:  Dr.  Bernar-d  A.  Lippmann 

Department  of  Electrical  Engineering 

Case  Institute  of  Technology 

University  Circle 
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